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Abstract
During the last decades, fibre-reinforced composites have been established as competitive
materials for naval, automotive and aerospace industry. However, the fatigue behaviour of
fibre-reinforced composites is so diverse and complex that present knowledge is far from
complete. Two commonly used approaches to model fatigue damage are the residual stiffness
and the residual strength approach. In this paper, the change in the modulus of elasticity due
to fatigue damage is studied for uni-axial bending. The proposed modelling approach is new
in two ways: (i) the damage growth rate – a measure for stiffness loss – is expressed by two
separate terms representing the initiation and propagation phase of damage respectively, (ii) a
static failure criterion is modified to represent the decreasing reserve to ultimate static
strength. In that way this coupled approach of residual stiffness and strength is capable of
simulating the three stages of stiffness degradation: initial decline, gradual reduction and final
failure, as well as the stress redistribution due to the loss of stiffness in the damaged zones.
The model has been applied to displacement-controlled bending fatigue experiments of plain
woven glass/epoxy specimens.
Keywords: fatigue; composites; damage modelling; residual strength; failure criteria.
1.

Introduction

Fibre-reinforced polymers are made of reinforcing fibres embedded in a polymer matrix. This
makes them heterogeneous and anisotropic. The first stage of deterioration by fatigue is
observable by the formation of “damage zones”, which contain a multitude of microscopic
cracks and other forms of damage, such as fibre/matrix interface failure and pull-out of fibres
from the matrix [1-5]. Hence damage starts very early, after only a few or a few hundred
loading cycles, and a sharp initial decline of the composite’s stiffness is observed. This early
damage is followed by a second stage of very gradual deterioration of the material,
characterized by a gradual reduction of the stiffness. More serious types of damage appear in
the third stage, such as fibre fracture and instable delamination growth, leading to an
accelerated decline.
In this paper, it is investigated how these three stages of stiffness degradation (initial decline –
gradual reduction – final failure) can be modelled. In general, three fatigue modelling
approaches for fibre-reinforced polymers can be distinguished [6]: (i) fatigue life models,
which do not take into account the actual damage mechanisms but use S-N curves or
Goodman-type diagrams and introduce some sort of fatigue failure criterion; (ii)
phenomenological models for residual stiffness/strength; and (iii) progressive damage models
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or ‘mechanistic’ models which use one or more damage variables related to measurable
manifestations of damage (transverse matrix cracks, delamination size).
The fatigue life models and residual strength models cannot be used for the intended objective
of simulating the stiffness degradation during fatigue life. Indeed, both the S-N fatigue life
methodology and the residual strength approach ignore the fact that an appraisal of the actual
state or a prediction of the final state (when and where failure is to be expected) of the
composite structure depends on the “path” of successive damage states. Indeed, the gradual
deterioration of a fibre-reinforced composite – with a loss of stiffness in the damaged zones –
leads to a continuous redistribution of stress and a reduction of stress concentrations in a
structural component. This was already stated by – amongst others – Allen et al. [7] and
Shokrieh and Lessard [8]. Moreover, measurement of strength or life during damage
development in a material is not feasible, because only one such measurement can be made
for one specimen, and as yet it is very difficult to compare damage states between two
specimens [2].
This follow-up of the successive damage states has been addressed by the residual stiffness
models and the mechanistic models. The former describe the degradation of the stiffness
properties due to fatigue damage in terms of macroscopic variables, while the latter describe
the deterioration of the composite material in terms of measurable manifestations of damage
(matrix crack density, delamination size).
Although the mechanistic models quantitatively account for the underlying fatigue damage
mechanisms, their application to the selected plain woven glass/epoxy composite material is
difficult, because the fatigue damage mechanisms are complex, both in their geometry and the
details of the evolution process [9]. For example, the progressive damage model by Shokrieh
and Lessard [8,10-14] makes use of Hashin-type fatigue failure criteria for seven damage
modes in unidirectionally reinforced laminae: fibre tension, fibre compression, fibre-matrix
shearing, matrix tension, matrix compression, normal tension and normal compression.
Developing these criteria for woven fabric composites, would be a cumbersome task, and
would require the finite element calculation of the individual matrix and fibre stresses. Other
models, such as the damage mechanics model by Talreja [15-17] are not usable either,
because they cannot simulate the last stage of final failure. The elastic potential in Talreja’s
model [15] is derived on the assumption of small strains and small damage.
Based on these considerations, the residual stiffness approach is chosen as the framework for
the model. The phenomenological residual stiffness models use the stiffness degradation as a
measure for the fatigue damage. In the one-dimensional case, the macroscopic damage
variable D is defined as D = 1 – E/E0, where E0 is the undamaged longitudinal stiffness and E
is the stiffness at a certain moment in fatigue life. The damage variable D is a measure for the
fatigue damage on the macroscopic scale. On the microscopic scale, the composite structure
changes due to the appearance of matrix cracks and other forms of damage. However, for the
modelling part, the composite material is still considered as an undamaged homogeneous
solid, but with degraded stiffness properties. Therefore, stiffness can be used as a potential
non-destructive parameter to monitor frequently or even continuously the damage which
develops in a component during service [2].
Sidoroff and Subagio [18] distinguished between damage evolution in tensile and
compressive regime, where the damage law depends on the applied strain amplitude, the
damage itself and three material constants. Similar expressions were derived by Vieillevigne
et al. [19] and Kawai [20]. Whitworth [21] recently proposed an evolution law for the ratio of
the residual stiffness to the failure stiffness, where the constants depend on the applied stress
and loading frequency. Yang et al. [22] developed a fatigue evolution law for the stiffness, but
distinguished between fibre-dominated and matrix-dominated fatigue behaviour [23].
Brøndsted et al. [24,25] concluded from experimental results that the stiffness degradation
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rate depends on some power of the stress, but this expression was only valid in the second
stage of gradual stiffness reduction.
The drawback of most existing residual stiffness models is that they are not valid in all three
stages of stiffness degradation, especially if the stage of final failure is concerned. In the
residual stiffness approach, fatigue failure is assumed to occur when the modulus has
degraded to a critical level, which has been defined by many investigators. Hahn and Kim
[26] and O’Brien and Reifsnider [27] state that fatigue failure occurs when the fatigue secant
modulus degrades to the secant modulus at the moment of failure in a static test. According to
Hwang and Han [28] and Whitworth [21], fatigue failure occurs when the fatigue resultant
strain reaches the static ultimate strain (strain failure criterion).
In this paper, a one-dimensional residual stiffness model is proposed. It aims at simulating the
three stages of stiffness degradation, including final failure. To that purpose, the damage
evolution law consists of two terms, separately accounting for damage initiation and
propagation. The macroscopic damage variable D, defined as D = 1 – E/E0, is a macroscopic
measure for the fatigue damage, since the structural changes on the microscopic scale are
characterized by a macroscopic reduction of the stiffness. To simulate the stage of final
failure, the strength properties of the composite material must be included. Thereto, a new
stress measure, the fatigue failure index, has been defined, based on a modified use of the
Tsai-Wu static failure criterion. This fatigue failure index appears particularly useful to model
the stage of final failure.
The fatigue damage, causing stiffness reduction, has been restricted to all intra-layer damage
(matrix cracks, fibre/matrix interface failure, fibre pull-out) that is caused by pure mechanical
loading with constant frequency. Although delaminations are a dominant failure mode for
fibre-reinforced composite structures, they have not been included in the model. The driving
mechanisms are completely different, because out-of-plane normal and shear stresses are
predominantly responsible for their initiation and growth. The material and loading conditions
were chosen such that delaminations did not occur in the experimental tests.
The development of the fatigue model is described, and after that, the model is applied to
displacement-controlled bending fatigue experiments of plain woven glass/epoxy composites.
For an accurate calculation of the changing stress states in the composite material during
degradation, the model has been implemented in the commercial finite element code
SAMCEFTM.
2.

Stiffness degradation

It is commonly accepted that for the vast majority of fibre-reinforced composite materials, the
modulus decay can be divided into three stages: initial decrease, approximately linear
reduction and final failure (see Figure 1).

Van Paepegem, W. and Degrieck, J. (2002). A New Coupled Approach of Residual Stiffness and Strength for Fatigue of Fibre-reinforced
Composites. International Journal of Fatigue, 24(7), 747-762.

E
E0
1.0

stage I

stage II

stage III

0.0
0.0

Figure 1

1.0

N
Nf

Typical stiffness degradation curve for a wide range of fibre-reinforced composite materials.

Early investigations on stiffness degradation were conducted by the research groups of
Schulte [29-31] and Reifsnider [2,27,32].
Schulte [29-31] thoroughly studied the damage development of carbon/epoxy specimens with
stacking sequence [0,90,0,90]2s during tension-tension fatigue (R=0.1). Schulte distinguished
three distinctive stages:
• the initial region (stage I) with a rapid stiffness reduction of 2-5 %. The development of
transverse matrix cracks dominates the stiffness reduction ascertained in this first stage,
• an intermediate region (stage II), in which an additional 1-5 % stiffness reduction occurs in
an approximately linear fashion with respect to the number of cycles. Predominant damage
mechanisms are the development of edge delaminations and additional longitudinal cracks
along the 0° fibres,
• and a final region (stage III), in which stiffness reduction occurs in abrupt steps ending in
specimen fracture. In stage III, a transfer to local damage progression occurs, when the
first initial fibre fractures lead to strand failures.
In general, less information is available regarding fatigue behaviour when loading is fully
compressive. This is mainly due to the susceptibility of composite laminates, being thin, to
global buckling. This places a limitation on the unsupported length or requires some sort of
buckling prevention fixture during testing. The role of the matrix and the fibre/matrix
interface becomes more important in compressive loading than in tensile loading. In addition,
local resin and interfacial damage lead to fibre instability in compressive loading [1,33].
Ultimately, the worst fatigue loading condition for composite materials is fully reversed axial
fatigue, or tension-compression loading [1]. In compression, tensile-induced local layer
delaminations can lead to local layer instability and layer buckling, perhaps before resin and
interfacial damage within the layers has initiated fibre micro-buckling [34]. Further, Gamstedt
and Sjögren [35] have demonstrated that there is an accelerated transverse crack initiation in
tension-compression loading, due to the increased debond propagation in compression.
In this paper, displacement-controlled bending fatigue tests have been used to provide the
experimental results. This type of experiments was preferred because they allow to test the
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model and its finite element implementation in more complicated fatigue testing conditions
than the uni-axial tension fatigue tests. Figure 2 shows a schematic drawing: one side of the
specimen is clamped, while a sinusoidal displacement with amplitude umax is imposed at the
other side of the specimen.

Fixed clamp

Moving clamp

L = 54.0 mm
Composite specimen
t = 2.72 mm
u

u(t)
t

Figure 2

Schematic drawing of the bending fatigue setup.

At the clamped cross-section, the tensile stresses have their maximum value and damage is
growing fast. During fatigue life, load is then gradually transferred to the underlying zones
and the neutral fibre is moving towards the compressive zone. Due to the smaller bending
moments, damage growth is smaller away from the fixation.
The material used in the bending fatigue experiments, was a glass fabric/epoxy composite.
The fabric was a Roviglass R420 plain woven glass fabric (Syncoglas) and the epoxy was
Araldite LY 556 (Ciba-Geigy). The plain woven glass fabric was stacked in eight layers,
denoted as [#0º]8, where ‘0°’ means that the warp direction of each of the eight layers has
been aligned with the loading direction and where the symbol ‘#’ refers to the fabric
reinforcement type. All composite specimens were manufactured using the resin-transfermoulding technique. After curing they had a thickness of 2.72 mm.
The force was experimentally measured by a strain gauge bridge and represents the force
necessary to impose the bending displacement with constant amplitude umax. Due to the
(bending) stiffness degradation, this force will decrease during fatigue life. Figure 3 shows a
typical example of an experimentally measured force-cycle history in single-sided bending for
umax = 30.4 mm. The force degradation is very similar with the stiffness degradation in
tension-tension fatigue tests, as was shown in Figure 1.
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Experimental force-cycle history for [#0°]8 specimen
single-sided bending, umax = 30.4 mm
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Figure 3

Experimentally measured force-cycle history for [#0°]8 specimen.

The developed residual stiffness model aims at simulating the full force-cycle history of the
bending fatigue tests, from initial decline to final failure.
The plain woven glass/epoxy material has been homogenized into a homogeneous orthotropic
material, and the elastic and strength properties of the homogenized glass/epoxy lamina have
been measured experimentally. The model developed is one-dimensional in nature, and only
the longitudinal stiffness (along the bending direction) is considered. As the warp direction of
each layer of the [#0°]8 laminate is aligned with the loading direction, the longitudinal
stiffness corresponds with the orthotropic elastic property E11. The longitudinal stiffness will
be further designated as the stiffness E, where E0 is the initial modulus of the undamaged
homogenized material.
The scalar damage variable D, defined as D = 1 – E/E0, is a macroscopic measure for the
fatigue damage, since the structural changes on the microscopic scale (matrix cracks,
fibre/matrix interface failure,…) are characterized by a macroscopic reduction of the stiffness.
The constitutive equations between stress, strain and damage are provided by the Continuum
Damage Mechanics theory and are summarized below.
In 1958, Kachanov [36,37] proposed to describe brittle creep rupture under uni-axial tension
by a scalar field variable, the continuity ψ. To a completely defect free material was ascribed
the condition ψ = 1, whereas ψ = 0 was defined to characterize a completely destroyed
material with no remaining load carrying capacity. The continuity ψ may be said to quantify
the absence of material deterioration. The complementary quantity D = 1 – ψ is therefore a
measure of the state of deterioration or damage. For a completely undamaged material D = 0,
whereas D = 1 corresponds to a state of complete loss of integrity of the material structure.
The designation ω is also commonly used in literature.
~ . The effective stress is
In 1969, Rabotnov [38] introduced the concept of effective stress σ
the stress calculated over the effective area of the damaged cross-section that resists the
forces:
~=
σ

F
σ
=
A(1 − D) 1 − D

(1)
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Lemaitre [39] introduced the concept of strain equivalence which states that a damaged
volume of material under the nominal stress σ shows the same strain response as a
~ . Applying this principle to the
comparable undamaged volume under the effective stress σ
elastic strain, the relation is [40]:

εe =

~
σ
σ
=
E 0 E 0 (1 − D)

(2)

where E0 is the stiffness of the undamaged material. As such, the damage variable D becomes
a measure of stiffness degradation:
D = 1−

E
E0

(3)

Research was further elaborated, amongst others, by Lemaitre [40], Chaboche [41,42],
Krajcinovic [40,43] and Sidoroff [44]. These efforts evolved in the “Continuum Damage
Mechanics” theory which can generally be defined as “… mechanical and phenomenological
models of the material degradation leading to failure and aimed at durability predictions and
including mechanical weakening” [44].
This framework is now used to establish a damage growth law of the form:

dD
= f i (σ, D,...) + f p (σ, D,...)
dN

(4)

where the damage variable D is a measure for the stiffness reduction in the considered
material element due to matrix cracks, fibre/matrix debonding, fibre pull-out,… The growth
rate dD/dN is the damage increment per cycle N and fi is a function which describes the first
stage of damage initiation, while fp is a function which describes the second and third stage of
damage propagation and final failure, respectively.
In his survey about life prediction analysis, Reifsnider [32] also made a clear distinction
between damage initiation and damage growth in the fatigue life of composite materials,
although this distinction was not explicitly made in his own model. Reifsnider [45] introduced
a strength degradation parameter and further distinguished between critical and sub-critical
elements. The sub-critical elements control the process of internal stress redistribution and
define the changes in the local stress state, while the critical elements control the failure
process itself. However, the constitutive equations of his model were not separated into
distinct phases of initiation and propagation.
Damage growth rate equations of phenomenological residual stiffness models have rarely if
ever been expressed with a clear distinction between damage initiation and damage
propagation, although research on the impact behaviour of composite materials at the authors’
department has shown that damage growth rate equations which discriminate between damage
initiation and damage propagation lead to very good results [46,47].
The general layout of the damage initiation and propagation functions is based on a sound
combination of existing models in open literature. Although these models of previous
investigators themselves are not capable of simulating the three stages of stiffness
degradation, they will be integrated in a unified model that will manage to simulate the
successive stages of stiffness reduction. Thereto, additional requirements for a sound
modelling of the underlying fatigue damage mechanisms will be formulated and the model
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will be refined to meet these demands. This two-step approach should give a clear explanation
of the followed fatigue modelling strategy.
As mentioned earlier, the first stage of stiffness reduction is mainly due to the development of
transverse matrix cracks, which should be modelled by the damage initiation function
fi(σ,D,…). Therefore, this function is based on existing models which correlate the extent of
matrix cracks with the resulting stiffness reduction. The work of Ogin et al. [48] and
Beaumont [49,50] is particularly useful in this context. They investigated matrix cracking and
stiffness reduction during fatigue of a [0°/90°]s glass fibre-reinforced laminate. It was
observed that the experimental measurements of stiffness degradation could be approximated
over a wide range by the relation:
E = E 0 (1 − cδ)

(5)

where E is the modulus of the cracked composite, E0 is the modulus of the uncracked
composite, c is a constant and δ is the average crack density, defined as:
δ=

1
2s

(6)

where 2s is the average crack spacing. Ogin et al. then calculated that the growth rate of the
average crack density δ could be written as:
dδ  σ 2max 

∝
dN  δ 

2

(7)

As the crack density δ on the microscopic scale leads to a macroscopic reduction of stiffness,
a similar formulation can be used for the initiation function of the macroscopic damage
variable D. Hence, Equation (7) is modified into:

( )

m

f i (σ, D,...) = c1 σ* e −c 2 D

(8)

where D is the scalar damage variable lying between zero (virgin material) and one (final
failure) as explained in Equation (3), σ* is some measure of the stress which will be defined
below, m is the power of the stress, and c1 and c2 are two constants. Because the factor 1/δ in
Equation (7) is infinite when δ equals zero (virgin material: crack spacing 2s is infinite), the
factor has been replaced by the expression exp(-c2D).
The damage propagation function fp is based on the work of Brøndsted et al. [24,25] who
studied the fatigue damage accumulation and lifetime prediction of glass fibre-reinforced
composites under block loading and stochastic loading. They observed that stage II of the
stiffness degradation curve could be approximated by a linear relation between stiffness and
number of cycles:
E
= A⋅N + B
E1

(9)
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where E is the cyclic modulus after N cycles, E1 is the initial cyclic modulus, and A and B are
constants. It was found that the constant A was a function of the maximum fatigue stress σ,
normalized by the static modulus E0. The rate of change in stiffness then becomes:
E
d 
n
 E1  = − K σ 
E 
dN
 0

(10)

where K and n are constants.
For this case, Equation (10) is modified into the equation:

( )

f p (σ, D,...) = c 3 σ*

n

(11)

This damage propagation function represents the gradual decrease of stiffness in stage II.
So far, a general layout of the model has been established (Equation (8) and (11)), based on a
sound combination of existing models in literature. Now, the authors’ contribution will
consist in defining the stress measure σ* and next, refining the damage initiation and
propagation functions into their final form.
3.

Definition of the stress measure σ*

The stress measure σ* should represent, in each material point, the actually applied stress
which can vary during fatigue life (for example, due to stress redistributions). Although the
present fatigue model is based on the residual stiffness approach, there should be a correlation
between the applied stress amplitude σ and the ultimate static strength of the laminate at each
moment of time. This would alleviate the classical problem of residual stiffness models,
namely that there is no distinct criterion for final failure. Fatigue failure is most often assumed
to occur when the modulus has degraded to a critical level which is not unique and has been
defined by many investigators. Already in the early 70s, Salkind [51] suggested to draw a
family of S-N curves, being contours of a specified percentage of stiffness loss, to present
fatigue data. Hahn and Kim [26] and O’Brien and Reifsnider [27] proposed that fatigue failure
occurs when the fatigue secant modulus degrades to the secant modulus at the moment of
failure in a static test. According to Hwang and Han [28], fatigue failure occurs when the
fatigue resultant strain reaches the static ultimate strain.
To include the notion of strength into the fatigue damage model, the well known Tsai-Wu
failure criterion is used in a modified way. Consider the one-dimensional case of the Tsai-Wu
quadratic failure criterion [52,53]:
 1
1
1 
σ 2 + 
−
σ <1
X
X
XT ⋅ XC
T
C



(12)

where XT and XC are the ultimate tensile and compressive static strength, respectively.
In its original form the Tsai-Wu criterion is not usable, because it only indicates whether or
not the laminate fails, but gives no continuous evaluation of the margin to final failure.
Moreover the sign of the criterion depends on the ratio of the tensile strength to the
compressive strength.
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A more attractive interpretation of the Tsai-Wu criterion was given by Liu and Tsai [54].
They calculated the so-called strength ratio R from:

1
 σ2
 XT ⋅ XC





 R 2 + σ  1 − 1  R − 1 = 0



  X T X C 


(13)

where the strength ratio R defines the reserve factor to failure. If R = 1, failure occurs, while if
R = 2, the factor of safety is 2. An important drawback of this definition is that the strength
ratio R does not change proportionally with the applied stress σ. Therefore, the failure index,
defined by Liu and Tsai [54] as the inverse value of the strength ratio R, is better suited. It can
be seen in Figure 4 that the failure index Σ = 1/R increases proportionally with the applied
stress. Moreover, the failure index for applied tensile stresses is independent of the value of
the compressive strength XC, and vice versa.
Failure index Σ = 1/R in [XC, XT]
1.0

Failure index Σ [-]

0.8

0.6

0.4

0.2

XC

0.0

σ [MPa]

Figure 4

XT

Graph of the failure index Σ = 1/R.

Next it is clear that the static Tsai-Wu criterion cannot be used straightforwardly as a criterion
in the fatigue damage model. According to the general idea of the residual strength models
[55-59], XT and XC should be decreasing functions of the number of cycles as well. It is rather
obvious to introduce the damage variable D into the Tsai-Wu criterion instead of the number
of cycles to express the influence of fatigue damage, but then the relation between the residual
tensile strength σRT (= XT(N)), the residual compressive strength σRC (= XC(N)) and D still
needs to be established.
Since the degradation curve of the strength is very similar in shape with the stiffness
degradation curve for most common materials (see for example Shokrieh and Lessard [8,1014] and Lee and Jen [60,61]), the function σRT = XT (1-D)p is now postulated as a suitable
expression. It is very unlikely that the power p would be greater than 1.0, because this would
imply that the strength degradation occurs faster than the stiffness degradation. When the
power p would be smaller than 1.0, the behaviour is not adequate as well, because the tensile
stress is then degrading faster than the residual strength which leads to an increasing strength
factor R and thus a decreasing failure index Σ. Figure 5 illustrates this with a simple
numerical example which shows the evolution of stress σ, residual strength σRT and failure
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index Σ with damage, for a constant strain amplitude ε = 0.003, p = 0.5, E0 = 20 GPa and XT =
100 MPa.
Damage dependent behaviour of stress, strength and failure index
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Figure 5

Evolution of stress, strength and failure index with damage (p < 1).

As the failure index Σ should remain a measure for the ratio to failure strength, even under
fatigue, the failure index Σ should increase when fatigue damage D increases, but in the
example, the failure index decreases to zero instead. An inspection of the cause leads to the
following conclusion: since the stress degrades linearly with the damage variable D and the
residual strength σRT only degrades with 1− D (p = 0.5), the failure index Σ, defined as 1/R,
is decreasing, because the strength factor R increases. For example, when E/E0 equals 0.1 (D
= 0.9), the tensile stress σ equals 6.0 MPa, while the residual strength σRT is still 31.62 MPa.
The only value for the power p which has not been considered yet, is: p = 1. The value p = 1.0
results in the following expression for the strength factor R:

σ2

 X T (1 − D) ⋅ X C


 
1
1 
 R 2 + σ 
−
 R − 1 = 0
−
X
(
1
D
)
X

T
C

 

(14)

The positive root of Equation (14) is R = XT(1-D)/σ. It can be easily calculated however that
the strength factor R, and hence the failure index Σ, is the same for the one-dimensional case
when the residual strength σRT is kept equal to the static strength XT and the stress σ is
~ (see Equation (1)):
replaced by the effective stress σ
 σ  2
1


 1 − D  X T ⋅ X C


 σ  1
1 

R 2 + 
−

 R − 1 = 0

1 − D  X T X C 

(15)

When this expression is considered, a different interpretation of the concept of “residual
strength” is possible: fatigue failure occurs when the effective stress σ/(1-D) equals the initial
static strength XT, and the material static strength only decreases apparently during fatigue
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life because the measured failure load with residual strength tests is divided by the initial
cross-section A0 and not by the actual cross-section A0(1-D).
This is very similar with the tensile stress-strain curve for steel. When the strain is increased
in the strain hardening domain, the cross-sectional area will decrease, but this decrease is
fairly uniform over the specimen’s entire gauge length. The nominal stress, defined as the
load divided by the initial cross-sectional area, increases up to the ultimate stress. When the
strain further increases, necking of the specimen occurs, the cross-sectional area begins to
decrease in a localized region of the specimen, and the nominal stress decreases until the
fracture stress is reached [62]. However when the true stress is used, defined as the load
divided by the actual cross-sectional area at the instant that the load is measured, then it
appears that the actual area within the necking region is always decreasing until fracture, and
so the material actually sustains increasing stress !
A very analogous reasoning is followed here: fatigue loading induces damage which reduces
the actual load-bearing cross-sectional area. Therefore the effective stress σ/(1-D) is
increasing and when this effective stress reaches the ultimate static strength XT, final failure
occurs. This reasoning is not at all in contradiction with the residual strength approach.
During fatigue testing, the induced damage can be of a different type from the damage that is
caused by static tensile tests. As a consequence, the load-bearing area is reduced (as compared
to the static test) and the residual strength is smaller than the initial static strength. Evidence
can be found in the work of Schulte [29-31]. He observed that “… the damage mechanisms
occurring in stage II seem to be the typical fatigue mechanics, whereas the damage
mechanisms which can be observed during stage I, also occur in static tests”. Moreover, in a
quasi-static tensile test, stress redistribution is not present, while this can develop during
fatigue loading.
Figure 6 illustrates the difference and similarity between the two concepts for the case of a
constant strain amplitude.
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Illustration of the two different interpretations: residual strength and effective stress.

Summarized, the fatigue failure index Σ(σ, D) is defined as 1/R, where R is the calculated
safety factor to failure from the Tsai-Wu static failure criterion, where the nominal stress is
replaced by the effective stress. In the one-dimensional case, it can be easily calculated that:
σ
~
1 σ
Eε
Σ(σ, D) = = = 1 − D = 0
R X
X
X

(X = X T , X C )

(16)
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Indeed, as the effective stress σ/(1-D) equals E0⋅ε (Equation (2)), the fatigue failure index
Σ(σ, D) is a measure for the applied fatigue strain. The main characteristics of the fatigue
failure index Σ(σ, D) are:
~ , or equivalently, with the applied strain ε,
• it is proportional with the effective stress σ
• its value is dimensionless, and lying between zero (σ = 0) and one (σ = XT or σ = XC),
• there is a correlation with the strength, so that final failure under fatigue loading can be
predicted,
• by using a static failure criterion, the extension of the fatigue failure index definition to
multi-axial loading conditions is possible,
• the definition of the fatigue failure index does not require any new relations to be
established between the residual tensile/compressive strength and the fatigue damage.
The fatigue failure index Σ(σ, D) can therefore be accepted as a suitable stress measure σ*.
4.

Development of the final fatigue damage model

Now that the fatigue failure index Σ(σ, D) has been defined as a suitable representation for the
stress measure σ*, the last step comprises the final refinement of the expressions for damage
initiation and propagation. The preliminary layout of the damage initiation and propagation
functions was (see Equations (8) and (11)):
dD
m
n
= c1 [Σ(σ, D)] e −c 2 D + c 3 [Σ(σ, D)]
dN

(17)

Through the definition of the fatigue failure index Σ(σ, D), the damage growth rate equation
dD/dN becomes strain-driven for a given material and thus for given material properties. This
is very important, because when simulating load-controlled fatigue tests (nominal stress σ is
constant), strain and effective stress are increasing and as a consequence the failure index Σ,
calculated from Equation (15), will increase up to its failure value of one.
The model will now be modified into its final form. Based on theoretical considerations and a
sound modelling of the observed fatigue damage mechanisms, the damage initiation and
damage propagation function will be refined.
4.1 Damage initiation function

First the damage initiation function is addressed. This function should simulate the sharp
decline of the stiffness in the first stage of fatigue life. The following observations can be
made:
• it is well known that matrix cracking is the predominant mechanism in this stage and that
after a sufficient number of loading cycles, the number of cracks saturates into a
“Characteristic Damage State” [2-3,31]. It has been shown by Boniface et al. [63] that this
saturation of matrix cracks is reached as well for woven glass fabric reinforcements,
• Schulte et al. [29] have shown that even if the maximum cyclic strain in each consecutive
load cycle is below the threshold for transverse cracking under monotonic tension, cracks
do develop after a number of loading cycles,
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• as the failure index Σ(σ, D) is constant for strain-controlled fatigue experiments, the
saturated crack density should depend on the level of the cyclic strain amplitude applied.
Bearing in mind these considerations, the damage initiation function is transformed into:


D

f i (σ, D) = c1 ⋅ Σ(σ, D) ⋅ exp − c 2

Σ
(
σ
,
D
)



(18)

where c1 and c2 are material constants. The constant c1 determines the amplitude of the
damage initiation rate, while the exponential function is a decreasing function of damage D;
so once a certain damage value has been reached, the contribution of the damage initiation
function becomes negligible. However, the saturating damage level depends on the amplitude
of the applied strain through the factor Σ(σ, D) .
The damage initiation function in Equation (18) does not distinguish between damage growth
for tensile and compressive stresses. Moreover, in general, damage would be predicted to
increase much faster under compressive loading. Indeed, the compressive strength XC is most
often smaller than the tensile strength XT, so the fatigue failure index would be larger for the
compressive stress than for the tensile stress.
This behaviour of the damage initiation function does not correspond with the experimental
observations in the bending fatigue tests. Indeed, in single-sided bending, one side of the
specimen is subjected to tensile stresses, while the other side is subjected to compressive
stresses, and these stresses do not change sign during one fatigue loading cycle, although it is
possible that due to the stress redistribution, material points are loaded with compressive
stresses at the beginning of fatigue life, but end up in the tensile zone when fatigue loading
continues [64,65]. In these experiments, it was observed that for small to moderate bending
moments, no damage could be observed at the compression side of the specimen. Only for
very large bending moments, the matrix was shattered at the surface subjected to compressive
stresses. This confirms with the general meaning that damage growth rate in compression is
smaller, when two restrictions are made: (i) there are no delaminations, (ii) the stress ratio R
is not negative. Indeed, it is well known that the stress ratio R = -1 is very detrimental for
stacking sequences which can develop delaminations. However, with the material under
study, delaminations are not present due to the choice of the stacking sequence, and in singlesided bending, the stress ratio R is zero for each material point.
Thus a distinct approach for damage in compression/tension regime is necessary. In the
authors’ opinion, it seems appropriate to incorporate the different damage development in
tension/compression regime into the damage initiation function itself. When implementing the
damage law into numerical applications, it is easier to make a distinction on the level of the
damage growth rate equation dD/dN, because the damage increment is calculated after each
cycle and this damage increment is extrapolated to the next simulated cycle. Taking into
account the above mentioned considerations, the damage initiation function finally becomes:


D
 if σ ≥ 0
c1 ⋅ Σ(σ, D) ⋅ exp − c 2

Σ
σ
(
,
D
)


f i (σ, D) =
3



D
 if σ < 0
c1 ⋅ Σ(σ, D) ⋅ exp − c 2

Σ
(
σ
,
D
)




(19)
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It is true that the presence of the third power in the damage initiation function for compressive
stresses (Equation (19)) cannot be rigorously derived from theoretical considerations, but a
similar distinction between tensile and compressive stresses has been applied by, amongst
others, Sidoroff and Subagio [18] who used the same definition for the damage variable D (=
1 – E/E0) and defined the damage increment per cycle as:

A (∆ε )
in tension
dD
b
= (1 − D)
dN
0
in compression
c

(20)

where ∆ε is the strain amplitude and A, b and c are three constants. However, Sidoroff and
Subagio [18] did not distinguish between damage initation and propagation, and their model
could not predict final failure.
Further it has appeared from a large set of numerical simulations that the equation (19) in its
present form is very well capable of predicting the damage initiation regime (see discussion
below).
4.2 Damage propagation function

The damage propagation term, as defined in Equation (17), is not zero when D = 0. This is not
logical, since the first term should properly describe damage initiation on its own. To that
purpose, the propagation function is multiplied with the value of D itself, so that for small
values of the damage variable D, the contribution of the damage propagation function is
negligible.
Secondly, the third stage of stiffness degradation is characterized by fibre fracture which leads
to final failure of the composite component. This stage is not properly modelled, since there is
no significant change in the growth rate dD/dN when the fatigue failure index Σ(σ, D)
approaches its failure value 1.0. Therefore a damage acceleration factor is added to the
damage propagation function:
c 3 ⋅ D ⋅ Σ(σ, D) 2 ⋅ [1 + exp(c5 (Σ(σ, D) − c 4 ))]
f p (σ, D) =

if

σ≥0


c

c 3 ⋅ D ⋅ Σ(σ, D) 2 ⋅ 1 + exp 5 (Σ(σ, D) − c 4 ) if
 3



σ<0

(21)

Each of the constants has a well-defined meaning: c3 is the damage propagation rate, c4 is a
sort of threshold below which no fibre fracture initiates. Once the threshold has been crossed
and initial fibre fracture occurs, the exponential function fastly increases and forces final
failure of that particular material point. Of course, the constant c5 must have a large value, so
that the power of the exponential function remains strongly negative as long as the failure
index Σ(σ, D) remains below the threshold c4, but switches to a large positive value once the
threshold has been crossed. Similar to the initiation function, a factor 3 has been introduced in
the damage acceleration factor for compressive regime, because it was again observed that
failure occurs in a less brutal manner than at the tensile side.
4.3 Final layout of the fatigue damage model
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The definitive form of the damage initiation and propagation functions then becomes:
D 

2
c1 ⋅ Σ ⋅ exp − c 2
if σ ≥ 0
 + c 3 ⋅ D ⋅ Σ ⋅ [1 + exp(c 5 (Σ − c 4 ))]
Σ
dD


=
3
dN

D 
c


2 
c
exp
c
⋅
Σ
⋅
−
 2
 + c3 ⋅ D ⋅ Σ ⋅ 1 + exp 5 (Σ − c 4 ) if σ < 0
 1
Σ 

 3




(22)

When the stress is zero, the failure index Σ(σ, D) is zero and the damage growth rate is zero.
Although the model is based on the residual stiffness approach, it can provide predictions
about the residual strength as well. Indeed, if for example the model predicts a damage value
D = 0.3 when the specimen has been subjected to a uni-axial tensile fatigue test, then the
specimen should fail in a subsequent static tensile test when:
~= σ = σ =X
σ
T
1 − D 1 − 0.3

(23)

This is equivalent with the statement in the classical residual strength approach, that the static
strength has decreased with 30 % due to the applied tensile fatigue testing.
In the next paragraph, the finalized fatigue damage model will be applied to the simulation of
bending fatigue experiments on plain woven glass/epoxy specimens.
4.

Simulation of bending fatigue experiments

The fatigue damage model has been implemented in the commercial finite element code
SAMCEFTM. The integration of the differential equation dD/dN (Equation (22)) for each
Gauss-point has been done with the cycle jump approach, which has been recently proposed
by the authors [66]. Briefly the cycle jump approach means that the computation is done for a
certain set of loading cycles at deliberately chosen intervals, and that the effect on the
stiffness degradation of these loading cycles is extrapolated over the corresponding intervals
in an appropriate manner. To this purpose, each Gauss-point has been assigned – beside the
damage variable D – a second state variable NJUMP1, which is the number of cycles over
which extrapolation is possible without losing reliability and accuracy for that particular
Gauss-point. After looping over all Gauss-points, a cumulative relative frequency distribution
of the NJUMP1 values is calculated and the overall cycle jump NJUMP (which will be
applied to the whole finite element mesh) is determined as a percentile of this frequency
distribution.
The local cycle jump NJUMP1 is calculated by imposing a maximum increase in damage ∆D
for each particular Gauss-point when the extrapolation would proceed for NJUMP1 cycles.
When the increase ∆D is limited to for example 0.01, this is equivalent to a piecewise
integration of the damage evolution law for that Gauss-point by dividing the ordinate axis of
the damage-cycle history into 100 segments. By decreasing the upper threshold for ∆D for
each Gauss-point, the damage evolution law dD/dN will be integrated more accurately, but
the global NJUMP – a percentile of the cumulative frequency distribution of all NJUMP1
values – will be smaller and the calculation will proceed more slowly.
The parameters ci (i=1,…,5) in Equation (22) were determined for the “standard” experiment
Pr05_2 which was already shown in Figure 3. Since the fatigue damage model is not at all a
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curve-fitting model, the value of the constants ci (i=1,…,5) were of course retained when
simulating other loading conditions. Figure 7 shows the experimental and the simulated forcecycle history for the fatigue test Pr05_2. The imposed displacement varied between zero
(stress ratio R = 0 for all Gauss-points) and umax = 30.4 mm and the frequency was 2.2 Hz.
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Figure 7

Experimental and simulated force-cycle history.

The parameters were optimized with a non-linear optimization procedure. The final values of
all constants in the model are listed in Table 1. The in-plane elastic properties of the [#0°]8
composite laminates were determined using the dynamic modal analyis method described by
Sol et al. [67,68], while the static strength values were determined with an Instron hydraulic
testing machine.

Table 1

Material and model constants.

Material parameters
E11 [GPa]
E22 [GPa]
ν12 [-]
G12 [GPa]
XT [MPa]
XC [MPa]

24.57
23.94
0.153
4.83
390.7
345.1

Model parameters
c1 [1/cycle]
c2 [-]
c3 [1/cycle]
c4 [-]
c5 [-]

0.002
30.0
4.0⋅10-6
0.85
93.0

The determination of the parameters ci (i=1,…,5) can be split up in two parts in order to
reduce the optimization time. Indeed, since the damage initiation function should be able to
account for the stage I decrease of the stiffness, the first sharp decline of the force-cycle
history can be used to determine the parameters c1 and c2. Then the parameters c3, c4 and c5
can be determined for the full force-cycle history.
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The effect of the material constants c1 and c2 on the behaviour of the damage initiation
function has been illustrated by Figure 8. Only the initiation phase of the force-cycle history
in Figure 7 has been recalled. The first simulation (c1 = 0.002; c2 = 30.0) is the reference
simulation. For the second simulation, the value of c1 has been doubled, resulting in a larger
damage initiation. For the third simulation, the value of c2 has been divided by two. Then the
saturation value for damage initiation is increased and the force-cycle history drops down far
lower.
Effect of material constants c1 and c2
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Pr05_2, c1 = 0.004 ; c2 = 30.0
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Figure 8

Effect of the material constants c1 and c2.

Figure 9 illustrates why the distinction between damage growth under tensile and compressive
stresses was necessary. The initiation phase of the force-cycle history in Figure 7 has been
recalled again, together with three numerical simulations. For all simulations, the constants c1
and c2 have been set to 0.002 and 30.0 respectively, and the power of the damage initiation
function for compressive stresses has been set to 3, 2 and 1.
Different damage initiation terms for compressive damage growth
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Figure 9

Different equations for damage initiation under compressive loading.

It can be seen that the third power of the damage initiation function provides the best
simulation.
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Once the material constants c1 and c2 have been determined, the constant c3 can be optimized
for the damage propagation phase, which is characterized by a gradual decrease of the
stiffness, and hence of the measured bending force.
Figure 10 shows the full experimental and simulated force-cycle history for c3 = 4.0 × 10-6
and c3 = 8.0 × 10-6. Clearly, final failure occurs much earlier if the damage propagation rate is
increased.
Effect of material constant c3
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Figure 10

Effect of material constant c3.

Figure 11 finally shows the damage acceleration factor 1+exp[c5(Σ-c4)] for c4 = 0.85 and c5 =
93.0. If the fatigue failure index Σ crosses the threshold c4, the damage acceleration factor
forces the damage growth rate to increase explosively.
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Figure 11

Evolution of the damage acceleration factor accounting for final failure.
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Figure 12 shows the calculated stress distribution at the clamped cross-section during fatigue
life for the fatigue experiment Pr05_2 which was shown in Figure 7. The abscissa contains the
normal stress (tensile stresses are positive, compressive stresses are negative), while the
ordinate axis represents the full thickness of the specimen (y ∈ [-1.36 mm, +1.36 mm]). This
numerical simulation shows that the fatigue damage model is capable of simulating
redistributing stress states inside the material during fatigue life. Moreover, the stress
distribution provides important information about the first locus of failure. Indeed, it was
observed from the experimental test Pr05_2 that failure occurred first at the tensile side, and
this was confirmed by Figure 12 (stress curve at cycle 660,191).
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Figure 12

Calculated stress redistribution at the clamped cross-section during fatigue life.

The fatigue damage model is now applied to another experiment Pr10_4 where the imposed
displacement umax is much larger: umax = 34.4 mm. The material and model parameters are
retained (see Table 1). The experimental and simulated results are shown in Figure 13,
together with the experimental and simulated results of the “standard” experiment.
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Experimental and simulated force-cycle history for [#0°]8 specimens
single-sided bending, umax = 30.4 mm and 34.4 mm
120
110
100
90

Force [N]

80
70
60
50
40

Pr05_2, umax = 30.4 mm, experimental
Pr05_2, umax = 30.4 mm, simulated
Pr10_4, umax = 34.4 mm, experimental
Pr10_4, umax = 34.4 mm, simulated

30
20
10
0

0

200000

400000

600000

800000

No. of cycles [-]

Figure 13

Experimental and simulated force-cycle histories for umax = 30.4 mm and umax = 34.4 mm.

It is clearly shown that the fatigue damage model can predict stiffness degradation and final
failure very well, despite the large difference in scale with the “standard” experiment for
which the model parameters ci were determined. Indeed, although failure now occurs almost
700,000 cycles earlier, the fatigue damage model predicts the moment of failure quite
accurately. The failure in the experimental test is more gradual though, as can be seen on
Figure 14, where the experimental and simulated results for the Pr10_4 experiment are
repeated, but with an adjusted scale for the number of cycles (the meaning of the arrows will
be explained later).
Experimental and simulated force-cycle history for [#0°]8
specimen, single-sided bending, umax = 34.4 mm
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Figure 14

Experimental and simulated force-cycle history of [#0°]8 specimen for umax = 34.4 mm.
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Indeed, the predicted failure is more sudden than the experimentally observed failure, but this
is due to the modelling assumptions. Each element of the finite element mesh has the same
homogenized elastic and strength properties. If one element at the tensile surface near the
clamped cross-section fails, all its neighbours in the width direction of the specimen fail as
well. On the other hand, the experimental material is a plain woven glass/epoxy composite,
and the experimentally observed failure does not occur at the same time for all material points
in the width direction, because the undulating reinforcement pattern causes a more gradual
failure.
It is also worth to mention that the recently developed cycle jump approach [66] works very
good. At the first few cycles, when there is a sharp decline of the bending force due to matrix
cracking, the cycle jumps are very small, but once the stiffness is gradually decreasing in
stage II, the cycle jump accelerates. At the end of stage II, the damage growth rate increases
again and the cycle jumps are smaller again to accurately evaluate the differential equation for
damage growth dD/dN.
Figure 15 shows again the finite element simulation for the Pr10_4 specimen, but now with
only the damage initiation function present in the Equation (22) for the damage growth rate
dD/dN. It clearly proves that the damage initiation function indeed accounts for the stage I
decline of the stiffness, without any contribution of the damage propagation function. The
scale of the ordinate axis has been adjusted to clearly show the sharp initial decline of the
bending stiffness.
Experimental and simulated force-cycle history for [#0°]8
specimen, single-sided bending, umax = 34.4 mm
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Figure 15

Finite element simulation without the damage propagation function.

A final validation is done by comparing the out-of-plane displacement profile of the
experiments and finite element simulations. To that purpose, an improved digital phase-shift
shadow Moiré method has been developed by the authors [69]. The proposed method is very
efficient and eliminates all causes of erroneous measurements due to miscalibration of phasestepping devices. By means of this method, the bending profile of the specimen is recorded at
regular times during fatigue life. Here, these bending profiles are compared against the
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simulated out-of-plane displacements for several cycle numbers which are indicated in Figure
14. The arrows below in Figure 14 indicate the cycle numbers at which a recording of the
bending shape was made. The arrows above indicate the cycle numbers at which the
simulated bending profile was taken. Of course, due to the discrete cycle jumps, the results of
the finite element simulation are only known at discrete loading cycles which are not
necessarily the same as the ones at which the bending profile was experimentally recorded.
However the evaluation has been done at the best corresponding loading states and the results
are shown in Figure 16.
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Experimental and simulated out-of-plane displacement profile at several stages in fatigue
life.

This Figure clearly shows that at the end of fatigue life, a sort of “hinge” is formed at the
clamped cross-section and that the parts remote from the fixation are completely unloaded. It
is worthwile to note that although continuum damage mechanics are not suited to model
localized phenomena, the introduction of the damage acceleration factor simulates very well
the localized fibre fracture at the clamped cross-section. The formation of such a “hinge”
leads of course to an enormous increase in strain, which is confirmed by Figure 17 showing
the calculated strain distribution during fatigue life at the clamped cross-section.
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Figure 17

Strain distribution at the clamped cross-section.

This phenomenon again proves the adequacy of the proposed fatigue damage model. Indeed,
the damage is very severe at the clamped cross-section and as a consequence, the nominal
stress decreases very fast (σ = E0(1-D)ε). But the effective stress σ/(1-D), which equals E0ε,
keeps increasing, because the imposed displacement remains the same and due to the severely
deteriorated bending stiffness of the clamped cross-section, the strains are increasing very
fast.
Conclusions

A new coupled approach of residual stiffness and strength has been proposed for modelling
fatigue of fibre-reinforced composites. The fatigue damage model is governed by a scalar
damage variable D which is a measure for the degradation of longitudinal stiffness under uniaxial bending. Two new elements have been introduced in the model formulation: (i) the
damage growth rate equation has been split up in two terms, separately accounting for damage
initiation and propagation, respectively, and (ii) the stress measure has been derived from a
modified use of the static Tsai-Wu failure criterion which enables the model to correlate
stiffness and strength and to simulate the third stage of final failure, although the model is in
fact based on the residual stiffness approach.
The model has been applied to displacement-controlled bending fatigue tests, and it has been
shown that the model is capable of simulating the three stages of stiffness degradation: initial
decline, gradual reduction and final failure. The force-cycle history and out-of-plane bending
profiles have been used for comparison with numerical results.
Although the fatigue model is one-dimensional, and delaminations have not been taken into
account, the model in its present form has some attractive features: (i) simulation of whole
fatigue life from early stiffness reduction to final failure, (ii) relation with static strength
properties through the definition of the fatigue failure index, (iii) limited number of material
constants that can be easily determined, and (iv) efficient implementation in commercial finite
element code.
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