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ABSTRACT

NOMENCLATURE
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Cij
D; (i, j=1,2)

The interest for use of fibre-reinforced composites in structural
components is increasing. Some of these structural composites,
such as wind turbine blades, aircraft components and torsion shafts
are subject to fatigue loadings.

It is widely accepted that fully-reversed cyclic loading is the most
adverse loading for fibre-reinforced composites, but the modelling
of the material behaviour under this loading condition is very
difficult. In this paper a damage model is presented for woven glass
fibre-reinforced composites subject to fully-reversed cyclic
loading. First fatigue experiments have been conducted in
displacement-controlled fully-reversed bending and the stiffness
degradation and damage patterns have been observed. Based on
these experimental data, a damage model has been developed
which includes the inplane stress components and the degradation
of the inplane elastic properties. The model has been implemented
in a commercial finite element code and simulation of the
successive stages in fatigue life has been performed.

The model has been validated for a plain woven glass fabric
reinforced composite and simulated stiffness degradation, damage
growth and damage distribution have been compared with
experimental data.

Keywords fatigue; composites; residual stiffness; tension-
compression.

material constants for glass/epoxy material
homogenized stiffness tensor of the undamaged material
in-plane damage variables

tensile damage related with positive stress o1
compressive damage related with negative stress o1
tensile damage related with positive stress 2,
compressive damage related with negative stress 62,

shear damage related with positive stress 612

" Corresponding author (Fax: +32-(0)9-264.35.87, E-mail: Wim.VanPaepegem@UGent.be).



Van Paepegem, W. and Degrieck, J. (2004). Simulating in-plane fatigue damage in woven glass fibre-reinforced composites subject to fully-
reversed cyclic loading. Fatigue and Fracture of Engineering Materials & Structures, 27(12), 1197-1208

d,, shear damage related with negative stress o,

En stiffness modulus in warp direction of the glass/epoxy lamina

Ex» stiffness modulus in weft direction of the glass/epoxy lamina

€ij strain tensor

el (i=1,2) permanent strain

h crack closure coefficient

N number of cycles

R stress ratio (= Gmin/Omax)

R4 displacement ratio (= Umin/Umax)

S shear strength of glass/epoxy lamina

Gjj stress tensor

Sij two-dimensional effective stresses (Sij =0, /(1-Dy))

%i(1,j=12) in-plane fatigue failure indices

Upax maximum prescribed displacement in bending fatigue setup

Xt tensile strength in warp direction of glass/epoxy lamina

Xc compression strength in warp direction of glass/epoxy lamina

Yt tensile strength in weft direction of glass/epoxy lamina

Yc compression strength in weft direction of glass/epoxy lamina

[#0°]s stacking sequence of eight glass/epoxy laminae, the weft
direction being aligned with the loading direction in bending

[#45°]s stacking sequence of eight glass/epoxy laminae, the weft (and

warp) direction under 45° with the loading direction in bending

INTRODUCTION

The use of fibre-reinforced composites in fatigue-critical structural components is growing
steadily. Wind turbine blades, helicopter blades, aircraft wings,... are subject to cyclic
loadings during service life. The fatigue behaviour of fibre-reinforced composites is quite
different from the one exposed by metals. Composites are made of reinforcing fibres
embedded in a polymer matrix and are therefore heterogeneous and anisotropic. Fatigue
damage can start very early, after only a few or a few hundred loading cycles. This first stage
of degradation consists of a multitude of microscopic cracks and other forms of damage, such
as debonding and pull-out of fibres from the matrix. The elastic properties of the material, in
particular the stiffness, are affected by this fatigue damage and are gradually decreasing. Due
to the stiffness degradation, load is transferred from damaged areas to neighbouring
undamaged areas and hence stress redistribution occurs. In a latter stage more serious types of
damage appear, such as fibre breakage and unstable delamination growth, leading to an
accelerated decline and final failure.

For fully-reversed cyclic loading, the applied stress amplitude changes sign during one fatigue
loading cycle. It has been often reported in literature that this sign reversal of the applied
stress has a detrimental effect on fatigue life [1-5]. In multi-directional laminates, the plies,
with and without fibres in the loading direction, develop intraply damage, and this causes
local delamination at relatively short lifetimes. In tensile loading this is less serious, as the
plies containing fibres aligned with the loading direction, continue to support the majority of
the applied load. In compression, however, tensile-induced damage can lead to local
instability and buckling, perhaps before resin and interfacial damage within the plies initiate
fibre microbuckling [6].
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Even if no delaminations are present, Gamstedt and Sjogren [5] observed that the total length
of transverse cracks grew to be more than twice as large for tension-compression fatigue
compared to tension-tension fatigue. They explained that, when a debond is subjected to
compressive loading, an opening zone appears at the tips of the interfacial crack. Since
debond propagation is more susceptible to mode I loading, the debond growth rate will be
larger in compression. Indeed, for global tension, crack propagation would be in pure shear
mode because the crack tip is closed.

Recently, a one-dimensional damage model for fully-reversed cyclic loading was proposed by
the authors [7]. The Continuum Damage Mechanics theory [8-14] and the residual stiffness
approach [15-17] were the basis for the model. Damage growth, residual stiffness and stress
redistribution were predicted by the model. The formulation was applied to fully-reversed
cyclic loading of unidirectional laminates which was considered as a one-dimensional loading
case.

The same approach was used to develop a multi-dimensional damage model for non-reversed
cyclic loading [7,18]. In that model, all inplane stress components c;;, 62, and cj, were
considered, but only for non-reversed cyclic loading.

In this paper, features of both cited damage models will be integrated into a multi-dimensional
model for fully-reversed cyclic loading, where the stress state is two-dimensional and both
normal stresses and shear stresses are applied to the material. First, the experimental results
will be discussed. Next a short review of the one-dimensional damage model for fully-
reversed cyclic loading and the multi-dimensional damage model for non-reversed cyclic
loading will be presented. These models will then be extended for two-dimensional stress
states. Finally the results of the finite element simulations will be shown.

EXPERIMENTAL SETUP AND MATERIALS
Experimental setup
The experimental results were obtained from displacement-controlled cantilever bending

fatigue experiments. One side of the specimen was clamped, while a sinusoidal displacement
was imposed at the other side of the specimen. Figure 1 shows a schematic drawing.

Fixed clamp L=54.0 mm Moving clamp
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Figure 1 Schematic drawing of the bending fatigue setup.
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The displacement amplitude un,x can be adjusted by the controlling mechanism. An additional

. . . u_. .
parameter is the displacement ratio R, = —™" (analogous to the stress ratio R), where umi,

and umax are evaluated with their algebraic signs. If Rq = 0.0, the fatigue test is performed in
single-sided bending, while it is performed in fully-reversed bending if R4 = - 1.0; i.e. the
deflection can vary from zero to the maximum deflection in one direction, or in two opposite
directions, respectively.

Uni-axial fatigue experiments in tension/compression are most often used in fatigue research
[19-21] and accepted as a standard fatigue test, while bending fatigue experiments are not
used so frequently to study the fatigue behaviour of composites [22-24]. Nevertheless bending
fatigue experiments were preferred to uni-axial tension/compression fatigue tests because of
the following reasons:

e the bending moment is (piecewise) linear along the length of the specimen (3-point
bending, 4-point bending, cantilever beam bending). Hence stresses, strains and damage
distribution vary along the gauge length of the specimen. On the contrary, with
tension/compression fatigue experiments, the stresses, strains and damage are assumed to
be equal in each cross-section of the specimen,

e in uni-axial tension/compression fatigue tests, buckling poses serious problems while in
fully-reversed bending tests this problem is overcome.

e the finite element implementation gives rise to several complications, because each
material point is loaded with a different stress, strain and possibly stress ratio, so that
damage growth can be different for each material point. In uni-axial tension/compression
fatigue tests, the stress- or strain-amplitude is constant during fatigue life and differential
equations describing decrease of stiffness or strength, can often be simply integrated over
the considered number of loading cycles. Hence, the fatigue damage model resulting from
bending fatigue tests should be more general in use and thus more suited for modelling
full-scale structural composite components,

e smaller forces and larger displacements in bending allow a more slender design of the
fatigue testing facility.

These reasons favoured the decision to use a bending fatigue setup instead of a tensile fatigue
setup.

Material

The material was an epoxy matrix with a plain woven glass fabric. The warp direction of all
eight layers made up an angle of 45° with the bending direction (denoted as [#45°]s, where the
hash mark ‘#’ refers to the fabric reinforcement type). The bending of the [#45°]s stacking
sequence results in a combined state of normal stresses in the two fibre directions of the
fabric, and shear stresses.

For the one-dimensional model, the stacking sequence [#0°]s was used, where the warp
direction of all eight layers has been aligned with the bending direction. The bending of the
[#0°]s stacking sequence results in a quasi one-dimensional loading of the laminate, with large
stresses along the longitudinal fibre direction.

Figure 2 shows that both stacking sequences exhibit a quite different behaviour in fully-
reversed bending (Ryq = -1.0). The force amplitude necessary to bend the specimen into its
maximum deformed state, is initially higher for the [#0°]g specimen, but decreases very fast.
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The [#45°]s shows a large initial decline as well, but then the degradation is much more
gradual.

Force-cycle history of [#0°]; and [#45°]; specimens
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Figure 2 Force-cycle histories for [#0°]s and [#45°]s specimens (fully-reversed bending Ry = -1.0, uy,,y
=25.5 mm).

The one-dimensional model [7] aimed at simulating the fatigue behaviour of the [#0°]s
specimens, while the extended model will predict the fatigue behaviour of the [#45°]g
specimens.

Next a short review of the one-dimensional damage model for fully-reversed cyclic loading
and the multi-dimensional damage model for non-reversed cyclic loading will be presented.

ONE-DIMENSIONAL MODEL FOR FULLY-REVERSED CYCLIC LOADING

The complete derivation of the constitutive equations can be found in reference [7]. Here only
the outline of the model is recalled.

During one fatigue loading cycle, the one-dimensional stress ¢ changes sign. Its maximum

value in tension is supposed to contribute to the “tensile” damage d;,, while its maximum

value in compression is causing “compressive” damage d;,. These damage variables d,, and

dj, are assumed to represent the effect of the underlying physical damage mechanisms on the
macroscopic stiffness property E,j, if pure zero-tension or zero-compression loading would be
applied in the direction €,,. As such, the model for fully-reversed cyclic loading can reduce to
its equivalent for non-reversed cyclic loading if either zero-tension or zero-compression
loading is applied.

In 1971, Lemaitre [25] introduced the concept of strain equivalence which states that a
damaged volume of material under the nominal stress 6 shows the same strain response as a
comparable undamaged volume under the effective stress . Following the Continuum
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Damage Mechanics theory and the work of Lemaitre [10,25], the effective stress G was
defined in this work as:

(@

azﬁ lfGZO

1_(d11(:_d11) (1)
G=— > if6<0

1_(d11 +hd11)

where h is a crack closure coefficient which characterizes the closure of the micro-cracks and
micro-cavaties in compression. This closure coefficient h can be calculated from the
measurement on the damaged material of the elasticity modulus in tension E; = E-(1-D) and
the elasticity modulus in compression E; = E-(1-hD). Its value was set to 0.2 [7,10].

To introduce the strength properties of the material into the equations, the fatigue failure
index T was defined as the ratio of the effective stress 6 (which includes the fatigue damage)
to the static strength:

o X=X, ifc20
= . (2)
X X=—X.| ifc<0

It is important to note that through this definition, the fatigue failure index X becomes a
function of o, d;, and d;,.

The accelerated growth rate in fully-reversed cyclic loading was modelled by coupling the
differential equations for d(d,,)/dN and d(d;,)/dN. The final system of damage growth rate
equations was written as [7]:

dt
A+ dC I _ 11 if6>0
dflcll\fl) ) ( ( 11)2) exp( - \/E 1+(dlcl)2 J o=

+cy-dj 27 [ rexp( \/7)))] [1+exp( (2_04))]

1+ exp( (Z c

1+2-exp(—cq-d};) 3)
d(dy) _ [c1 ~(1+(dil)z) > exp( j] ifo<0
dN ( d Y )
+c,-dj,; - 32 [ rexp d't } [1+exp =3 (Z—cﬁﬂ

1+exp

_at c
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For the maximum tensile stress (o > 0) in the fatigue loading cycle, the fatigue failure index X
is calculated and the damage growth rate d(d,,)/dN is calculated. Next, the maximum
compressive stress (o < 0) in the fatigue loading cycle leads to a damage growth rate
d(dj,)/dN. Both differential equations have two terms, the first term accounting for damage

initiation and the second term accounting for damage propagation and final failure. The
material constants ¢; (i=1,...,8) each have a clear physical meaning and five of them (c;
through cs) can be calculated from single-sided bending tests [18,26]. Indeed, c¢; and c»
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account for the damage initiation, while c3, ¢4 and cs account for damage propagation in non-
reversed cyclic loading The constant ¢ expresses the experimental observation that damage
initiation in the compressive regime is accelerated by the presence of tensile damage, as
reported by Gamstedt and Sjogren [5]. The constants c; and cg are introduced in the damage
propagation function, which simulates that once the fatigue failure index X has crossed the
threshold c;, the damage propagation is accelerated because of the presence of the other

damage type (d;, or d;,).

Now, as the one-dimensional model for fully-reversed cyclic loading has been reviewed, the
multi-dimensional model for non-reversed cyclic loading will be discussed.

MULTI-DIMENSIONAL MODEL FOR NON-REVERSED CYCLIC LOADING

For the non-reversed cyclic loading tests, the experimental material was the [#45°]s
glass/epoxy laminate. It was observed that considerable permanent deformation occurred
during the bending fatigue tests (setup see Figure 1). So the model should be able to simulate:
(1) stiffness degradation (decreasing bending force), (ii) stress redistribution, and (iii)
accumulation of permanent strain.

To that purpose, a residual stiffness model was developed with three damage variables: Dy;
(damage in the ¢, direction), D2, (damage in the ¢,, direction), and Dj, (shear damage).
These damage variables are directly related with the corresponding stress components Gy
(positive/negative), G2, (positive/negative) and o, in the orthotropic directions of the
glass/epoxy composite. For each of the three damage variables, the growth rate per fatigue
cycle N is defined by a differential equation d(D;;)/dN. To make a prediction of the moment of
failure, the governing stresses o;;, 62 and oy, in the corresponding differential equations
have been replaced by the defined fatigue failure indices %11, 22, en Z,. These failure indices
are calculated from the Tsai-Wu static failure criterion, where the nominal stresses 11, 622,
and o1, are replaced by the effective stresses &,,, G,, and G,, (the effective stresses are
defined here as Sij =0, /(1-Dy)). As such, there is a correlation with residual strength, and

the moment of failure in the displacement-controlled bending fatigue tests can be predicted as
well. Finally, the permanent strains & (i=1,2) have been introduced. The growth rate
d(e! )/dN is proportional with the strain &;; and the growth rate d(D;,)/dN.

A detailed derivation of the modelling framework can be found in reference [27] and [28].
Here the relevant equations are summarized.

Relevant equations

Three relationships make up the complete modelling framework: (i) the damage-stiffness
relationships, (i) the fatigue damage evolution laws d(D;j)/dN, and (ii1) the growth laws for

the permanent strains €f, . These three relationships are discussed in the following paragraphs.

Damage-stiffness relationships

It is first postulated that there is a distinct difference between the damage kinetics of intra-
layer damage (matrix cracks, fibre/matrix debonding, fibre fracture,...) and inter-layer
damage (delaminations). Moreover the responsible stress components are not the same. The
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inplane stresses (o1, 622 and o},) are affecting the intra-layer damage, while the out-of-plane
stresses (013, 023 and ©33) are causing inter-layer damage. It is clear that the one-dimensional
fatigue damage model developed so far, is modelling the intra-layer damage types.
Delaminations were not taken into account and the stacking sequence was chosen such that
delaminations did not develop under the experimental loading conditions.

If only intra-layer damage is considered, it is postulated that there exist three damage
variables D;;, D, and Dj,, which are defined through the relations:

on] [J1-D,, O 000 0 |[C, Cp Cs 0O 0 0]
o 0 =D, 000 0 Chb Cp Cyy O 0 0
ol | 0 0 100 0 Cy Cyy Cy 0 0 0
onl | 0 o 010 0 ||0O 0 0 Cy 0 0
o3 0 0O 001 0 0 0 Cu 0
G, ! 0 0 0 00 1D12___0 0 0 0 0 Cg| @
J-=D, 0 000 0 —
0 Ji-D,, 000 0 &y, — €5
0 0O 100 0 £33
0 0 010 0 |2,
0 0O 001 0 2¢,4
0 0 00 0 1-Dy| |26,

where [C] is the initial orthotropic stiffness matrix of the composite material. In other words,
the three damage variables represent the macroscopic effect of the underlying intra-layer
damage mechanisms (matrix cracks, fibre/matrix interface failure,...) onto the inplane elastic

properties. The permanent strains €}, and &), must account for the permanent deformation of

the [#45°]s specimens. Although this Equation represents a simplified approach, it is at least
manageable in terms of number of damage variables and finite element implementation,
because the symmetry of the stiffness matrix [C] is guaranteed at any time during fatigue life.
A very important advantage of the formulation in Equation (4) is that the damage variables
Dy, Dy, and Dy, are directly related with their respective stress components G, 62, and G5.
As such, the damage growth rates dD;;/dN, dD,»/dN and dD;»/dN are driven by the respective
stresses Gj1, 022 and oj,. Further, there is a very clear distinction between positive and
negative stresses for each of the damage variables. Indeed, for each damage variable, the sign
of the corresponding stress component dictates which damage growth rate equation should be
used, the one for tension or the one for compression.

Equation (4) can be worked out as follows:

p
€11 —¢€

o1l Cy1-(1-Dyp) Ci2-y1-Di1y1=D22  Ci3-y1-Dyy 0 0 0 ! 1pl
622 Cip-y/1-D11 -y/1-Dpp Cp-(1-Dpp) Cp3-41-D22 0 0 0 €22 78
033 _ Ci3-41-Dyy Cp3-4/1-Dpp C33 0 0 J%33 (5)
023 0 0 0 Cq4 O 0 2e93
S13 0 0 0 0 Css 0 2¢13
012 0 0 0 0 0 Cgg-(1-Dyp) 215

Fatigue damage evolution laws
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The final objective is the development of a set of damage growth rate equations of the form:

f(c;,D;) ifoc,; 20
lel ~ 1 ij ij 11
dN
fz(Gij,Dij) if o, <0
g(cy,Dy) if 6,20
dD,, _ ©)
dN .
g, (cij,Dij) if 6, <0
dD
dI\ITZ = h(GijaDij)

Each damage growth rate equation should depend on the multi-dimensional inplane stress
state o;; and the actual value of the damage variables Dj;. As the stress components cj; give no
indication of reserve to failure, new stress measures have been developed [29]. The fatigue

failure indices ijD (1,j=1,2) for generalized inplane fatigue loading can be calculated from

the Tsai-Wu static failure criterion by replacing the nominal stresses c;; with the effective
stresses G;i/(1-Dj). The corresponding fatigue failure index X7 for the stress component G
is defined as the positive root of the equation [29]:

11 5, 1 1) o, 1 s, )
~ 2D T + 2D
XT |Xc| Z11 '(1_D11) YT |YC| 1_D22 XT'|XC| Z11 '(I_Dn)

2 2
Y. |[Y|\1-D, ) S*(1-D,

The fatigue failure index X3) for the stress component Gy, is defined as the positive root of
the equation [29]:

[L_LJL+[L_ IJ on 1 ( 5 j
XT |Xc| 1_Dn YT |Yc| 22?'(1_1322) XT'|XC| 1_Dn

2 2
Y '|YC| 2 (1-Dy,) S*\1-Dy,

Finally, the fatigue failure index X;) for the stress component G, is defined as the positive
root of the equation [29]:

(7)

(8)
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(L_LJL+(L_ 1] on , I ( o) ]
X, |XC| 1-D,, (Y, |YC| 1-D,, XT-|XC| 1-D,,

2 2
Yy '|Yc| 1-D,, s? lezD «(I-Dy,)

These fatigue failure indices =7, 37 and X7 quantify the directional reserves to failure for

)

inplane loading conditions, taking into account the present damage state (D, D22, D12).

To assess the relative importance of the separate stress components G;; in the failure event, it
is better to correlate the failure indices ijD (1,j=12) with their one-dimensional equivalent.
Also, the failure indices must reduce to their one-dimensional equivalent if the other stress

components are zero.
A definition which satisfies these requirements, is the following:

s DY
Y Er )
ZZD
2, = 22 (10)

>
Y1+ ER -

2D ZZD
2

The failure indices X7, 23 and %) are calculated from the respective equations (7), (8)

and (9), while the one-dimensional failure indices %7, X1, and X, are defined as the ratio
of the effective stress G to the respective static strength. So, the two-dimensional failure
indices ijD (1,j=1,2) take into account the adverse effect of multi-dimensional loading,

while the correlation with the one-dimensional ratio ZLD (1,j=12) to their respective static

strengths indicates the relative probability of failure along the considered direction €, or ¢,, .
The newly defined failure indices reduce to their one-dimensional equivalent if a one-
dimensional stress is applied, so the relation between one-dimensional and multi-dimensional
failure indices remains consistent in use.

It is important to observe that if the stress state approaches the Tsai-Wu failure surface, not
all failure indices X (i, j = 1,2) will reach the failure value 1.0, because the failure indices are
normalized with respect to their one-dimensional ratio ZiljD (1,j=L2). To avoid any

singularities in the equations (7), (8) and (9) during fatigue life simulation, the calculation
strategy is as follows:

o if one of the failure indices Zj (i, j = 1,2) has a high value, the corresponding damage
variable Dj; will grow very rapidly,

e if this failure index Z;; approaches its failure value 1.0, the corresponding stress oj; is set to
zero,

e in the next evaluation of the Tsai-Wu failure indices, all terms in the stress component Gj;
are zero.
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A detailed discussion of the damage-dependent directional failure indices Zj; can be found in
[29].

In the end the close feedback between experimental observations and finite element
predictions has lead to the final damage growth rate equations for multi-dimensional inplane
loading [28], valid for non-reversed cyclic loading:

D
c,-(1+D})-Z,, -exp| —c, 3 ifo,,20
\/211 '(1+D122
+¢,-Dy '2121 '[l +exp(c5(211 _94))]
dD
dl\lll = 1+2-exp(-Dy,)
D .
¢, (1+D3)-,, -exp| —c, 1L ifo,,<0
! \/211 '(1+D122
+c¢;-Dy '2121 [l+exp(?5(2” _C4)j}
¢,-(1+D3,)-Z,, -exp| —c, D, . if 5,20
\/222 '(1+D12
+¢;-D,, 'Zgz '[1 + exp(05 (222 —C, ))]
dD,, _
dN

1+2-exp(=Dy,)
¢,-(1+D3)-X2,, -ex if ¢,, <0
[ 1 12 22 p( 22 (1+D ]:| 22

+cy-D,, 23 -{1 + exp(%s ﬂ

%:Cl .212 exp(_ C2 D12 j

dN 2.2, (11)

Growth laws for permanent strains

Finally, additional equations for the growth rate of the permanent strains &} (i = 1,2) must be

established. The corresponding growth laws for the permanent strain have been written as (no
summation convention) [28]:

de?  [Co ;i dbD,, ifo, >0
—= dN (1=1L2) (12)

0 if 6, <0

The factor c¢ has been determined such that the predicted out-of-plane displacement profile
after unloading matches the experimentally recorded one for one [#45°]s. This was the case
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for ¢ = 0.6. This implies that, if the damage D, reaches its failure value 1.0, the permanent
strain €] cannot be larger than 60 % of the total strain amplitude &;;.

Typical finite element results

One finite element simulation of the multi-dimensional model for non-reversed cyclic loading
will be shown here, because this example will be compared later with the finite element
results of the multi-dimensional model for fully-reversed cyclic loading.

Figure 3 shows the experimental and simulated force-cycle history of the [#45°]s specimen
Pr04 1 for a small prescribed displacement uy,.x = 27.7 mm under single-sided bending (Rq =
0.0, non-reversed cyclic loading). It is observed that the force is barely decreasing after the
initiation phase.

Experimental and simulated force-cycle history for [#45°]g specimen
single-sided bending, umax = 27.7 mm

601 —e— Pr04_1, experimental

—— Pr04_1, simulated

St ste A » ety 7'\

30
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0 100000 200000 300000 400000 500000 600000 700000
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Figure 3 Experimental and simulated force-cycle history for the [#45°]3 specimen Pr04_1 (uy.x = 27.7
mm).

This is confirmed by the predicted behaviour of the damage variables and the fatigue failure
indices. Figure 4 and Figure 5 show the cycle histories of the damage variables (D;;, D,; and
Di,) and the fatigue failure indices (X1, £, and X,), respectively, for the Gauss-point 1602
(situated at the tensile surface in the clamped cross-section of the glass/epoxy specimen
Pr04 1).
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Figure 4 Cycle history of the damage variables D;;, D, and D;, for the Gauss-point 1602 ([#45°]g
specimen Pr04_1, u,,,, = 27.7 mm).
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Figure S Cycle history of the fatigue failure indices X;;, ¥, and X, for the Gauss-point 1602 ([#45°]s
specimen Pr04_1, u,,,, = 27.7 mm).

It can be seen that damage D, reaches the highest value, compared to the damage values Dy,
and D,. However, all damage variables are barely increasing after the initiation phase. The
fatigue failure indices X;; and X, even slightly decrease, due to the accumulation of

permanent strain.
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EXTENSION TOWARDS A MULTI-DIMENSIONAL MODEL FOR FULLY-
REVERSED CYCLIC LOADING

In the previous sections, the one-dimensional damage model for fully-reversed cyclic loading
and the multi-dimensional damage model for non-reversed cyclic loading have been
reviewed. Now the extension will be made towards a multi-dimensional model for fully-
reversed cyclic loading.

In the one-dimensional damage model for fully-reversed cyclic loading, there was made a
distinction between tensile damage d;, and compressive damage df,. The adverse effect of
fully-reversed loading was modelled by coupling the differential equations d(d;,)/dN and
d(dj, )/dN.

In case of the multi-dimensional model for fully-reversed cyclic loading, the inplane stresses

G11, o2 and o, all change sign during one loading cycle. Similar to the one-dimensional
approach for fully-reversed cyclic loading, a distinction is made between “tensile” damage

d;, and “compressive” damage dj, for oj;, and between “tensile” damage d), and
compressive “damage” dj, for o2,. For the shear stress o,, a distinction is made between d;,

and d,. The plus-sign and minus-sign are used because the terms “tension” and

“compression” are meaningless in this context. Further, at each point of time in the fully-
reversed loading cycle, the apparent stiffness of the damaged material in the compressive
zone is higher than the stiffness of the damaged material in the tensile zone, due to the crack
closure phenomenon (see Equation (1)). As a consequence the damage variables D;;, D,; and
D, are defined by the relations (no summation convention):

t c .
ii:dici+diit ?fciiZO (i=12)
di+hd;, ifoc,<0 (13)

D12 = drz + d1_2

If the definitions (13) are respected, the constitutive equations (4) and (12) remain valid. Now,
the growth rate equations for the six damage variables d;,, d;,, d;

11° 11° 220 d(2:2 b dTZ and dl_2 under
fully-reversed bending fatigue must be established.
As the shear damage should not depend on the sign of the shear stress, the growth rates

d(d;,)/dN and d(d,,)/dN are the same. So far, these equations are identical to the equation

dD;»/dN which was developed for the multi-dimensional damage model for non-reversed
cyclic loading (see Eq. (11)):

d(dj, dj ,
= ¢ -2, €xXp| —c¢ if o,20
dN 17412 p( 25 /7212 12 "
d(d,,) d,, )
—12Z C X, -exXpl —c if o,<0
dN 1 12 p 2 2 /212 12
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To account for the adverse effect of fully-reversed loading, the differential equations
d(d,,)/dN and d(d,,)/dN are coupled, in a similar way as was done for d(d;,)/dN and
d(d;,)/dN (see Equation (3)). At each place where the damage d;, and d;, appeared as a
coupling term in the initiation functions of the one-dimensional model for fully-reversed
bending (see Equation (3)), the same function of d;, or d,, has been added to Equation (14)
to model the damaging effect of shear reversal:

d(drz -3\2 d1+2 :
—120 = -(1+(d I - f >0

dN ¢, -(1+(d,)) -2, eXp( C, ) /7212 '(1+(d1_2)2) I o, 05
d(dy) d,

N ¢, -(1+(d),)*)-Z,, - exp( 2@'(1+(d1+2)2)] if o,<0

Regarding the growth rates d(d;)/dN and d(d;)/dN (i = 1,2), two sets of equations can be
used:

e Equation (3) of the one-dimensional model provides the expressions for the damage
growth rates d(d;)/dN and d(d;)/dN (i = 1,2) under fully-reversed cyclic loading, but
without any interaction of shear damage,

e Equation (11) of the multi-axial model provides the expressions for the damage growth
rates dD;;/dN and dD,,/dN under non-reversed cyclic loading, but with interaction of the

shear damage D».
If equations (3) and (11) are combined, the growth rates d(d; )/dN and d(d;)/dN (i = 1,2) can

be established. Together with Equation (15), the global system of constitutive equations can
be written as (no summation convention):

d(dj) = if 6,20
c 2 2 dt
dN Cl'(1+( ii) +D12)'2ii'exp -

(1+(d°)z+D )
dz[ Jas exolc 4 ) ][nexp( &)

1+exp( (2 —c7)

dd$) = l+2exp(-cedi-Dyy)  if 65 <0

dN cl-(1+(diti)z+D122J-Zii -exp| —¢, d;
JE (1+(d‘)2+D12j
i el
oy -dg 32 1 VS FEPEGI ) L exp °5(2ﬁ—c4))
1+ exp(— CS(Zii - C7)) 3
d(d;y) -2 dpy -
=127 = ¢ .1+ 2., -exp| —c¢ if c,20
dN I+ (dp)7) - Zy, cexp 22@-(1+(df2)2) 12
d(d;,) 2 dj -
—122 = ¢ .(1+(d X, -exp| —c¢ if o©,<0
AN pr(I+(d)7) - Zp, -exp 25 /7212 -(1+(df2)2) 12 (16)
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As such, the equations of the multi-dimensional model for fully-reversed cyclic loading have
been established. It is worthwhile to mention that no additional parameters have been
included in the model equations (16), compared to the previous two models. It is also
important to observe that the equations (16) for fully-reversed bending reduce to the equations
(11) for single-sided bending, if only one damage type is present in each material point.

In the next section, the model will be applied to the fully-reversed bending fatigue tests of
[#45°]s specimens.

FINITE ELEMENT SIMULATIONS

The fatigue model has been applied to the fully-reversed bending test of the [#45°]s specimen
Pr07 4 (Umax = 25.5 mm). Figure 6 shows the experimental and simulated results.

Experimental and simulated force-cycle history for [#45°], specimen
fully-reversed bending, Umax = 25.5 mm
50

—e— Pr07_4, experimental
& Pr07_4, finite elements

40

w
o

Force [N]

N
o
T
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A

0 200000 400000 600000 800000 1000000 1200000
No. of cycles []

Figure 6 Experimental and simulated force-cycle history for the [#45°]3 specimen Pr07_4 (uy.x = 25.5
mm, Ry =-1.0).

As can be observed from this Figure, the initial decrease of the bending force is very large,
almost 20 Newton (if compared with the initial force degradation for the [#45°]s specimen
under single-sided bending in Figure 3). One of the primary reasons for the large force
degradation in Figure 6 is the strong coupling effect between D, on the one hand, and Dy,
and Dy, on the other hand.

To illustrate the importance of the coupling effect, the force-cycle history of the [#45°]s
specimen PrO07 4 has been simulated again, but all coupling terms between Dj, on the one
hand, and D;; and Dy, on the other hand have been removed from Equation (16). As can be
seen from Figure 7, the force degradation is seriously underestimated then.
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Experimental and simulated force-cycle history for [#45°], specimen
fully-reversed bending, umax = 25.5 mm, no coupling effects
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Figure 7 Experimental and simulated force-cycle history for the [#45°]s specimen Pr07_4 (uy,.x = 25.5
mm, R, = -1.0) without any coupling effects between D, on the one hand, and D{; and D,.

This means that, through the presence of the shear damage D,,, the damage variables D;; and
Dy, are seriously affected. This can be confirmed by simulating the hypothetic damage state,
where the damage D, would be 1.0 in all Gauss-points, but the damage variables Dy; and Dy,
would be zero, and thus unaffected by the shear damage D;,. The corresponding bending
force for this hypothetic damage state can be easily calculated through a nonlinear quasi-static
analysis with G, being zero for the whole composite specimen (equivalent with D, = 1.0 for
all Gauss-points), and E;; and E,; being undamaged. The calculated bending force is then
36.2 N. This means that without any coupling effects, the calculated bending force would still
be predicted far too large if compared with the experimentally measured force-cycle history,
even if Dj, would be 1.0 in all Gauss-points. Through the coupling effect between D;, on the
one hand, and D;; and D;; on the other hand, the additional decrease of the bending force can
be simulated.

Figure 8 shows the simulated cycle history of the damage variables Dy (=d;,+d;,), D

(=d;, +d5,) and Dy, (=d, +d,,) for the Gauss-point 1602, situated at the specimen surface in
the clamped cross-section.
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Figure 8 Cycle history of the damage variables D;;, D, and D;, for the Gauss-point 1602 ([#45°]g
specimen Pr07_4, u,,,, = 25.5 mm, Ry =-1.0).

The calculated damage values are much higher than those for the [#45°]s specimen Pr04 1
(see Figure 4) which was subjected to single-sided bending (uUmax = 27.7 mm). But this is
confirmed by the experimentally observed damage patterns for the [#45°]s specimens Pr04 1
and Pr07 4, as shown in Figure 9. The light areas in the picture represent the damaged parts.
In both specimens, the woven fabric reinforcement under 45° with the loading axis can be
clearly distinguished. The upper sides of the specimens have been clamped (maximum
bending moment), while the displacement has been imposed at the lower sides. The damage
pattern at the tensile surface of the [#45°]s specimen Pr04 1 (Umax = 27.7 mm, R4 = 0.0) is
shown at the left. As the [#45°]s specimen PrO7 4 has been subjected to fully-reversed
bending (Umax = 25.5 mm, Ry = -1.0), the damage pattern is the same for both surfaces, and
one of the surfaces is shown at the right. It is important to emphasize that the comparision is
only qualitative, because the damage variables do not directly represent micromechanical
damage mechanisms, but only the perceived effect on the macroscopic elastic properties.
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Figure 9 Damage pattern at the tensile surface of the Pr04_1 specimen (left) (uy,, = 27.7 mm, Ry =
0.0), and damage pattern at the surface of the Pr07_4 specimen (right) (uy,, =25.5 mm, Ry =
-1.0).

Finally, Figure 10 shows the experimental and simulated force-cycle history for the [#45°]s
specimen Pr07 1, which has been subjected to fully-reversed bending for uy.x = 19.5 mm. Of
course all material constants c; (i=1,...,9) have retained their same values.

Experimental and simulated force-cycle history for [#45°], specimen
fully-reversed bending, umax = 19.5 mm
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Figure 10  Experimental and simulated force-cycle history for the [#45°]g specimen Pr07 1 (up., = 19.5
mm, Ry =-1.0).
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Although the initial force is much smaller (F = 30.8 N) than for the Pr07 4 specimen, the
initial decline is simulated very well. It appears however that the damage propagation is
somewhat overpredicted by the fatigue damage model. This proves that the value of the
threshold for damage propagation is subject to some experimental scatter, but this is an
intrinsic property of fatigue experiments.

CONCLUSIONS

Previous work of the authors resulted in a one-dimensional damage model for fully-reversed
cyclic loading and a multi-dimensional damage model for non-reversed cyclic loading. In this
paper, features of both models have been integrated into a multi-dimensional model for fully-
reversed cyclic loading.

For this latter damage model, six damage variables d,,, d;,, d,, d5,, d;, and d;, have been

introduced that affect the inplane elastic properties of the orthotropic composite material. The
damage-stiffness relationships are quite straightforward, because the damage variables are
each directly related with their corresponding stress components Gj;, 622 and 2. If the
damage variables would represent the actual fatigue damage mechanisms, the development of
the damage-stiffness relationships would be far more complicated, because it would be very
difficult to examine experimentally in what manner the individual fatigue damage
mechanisms affect the various elastic properties. Moreover, the growth rate equations for
certain fatigue damage mechanisms would be driven in particular by the matrix or fibre stress
(not to mention the influence of its maximum stress amplitude and stress ratio). For the
present fatigue damage model, interaction between different damage modes is still possible by
coupling the differential growth rate equations (as was done for fully-reversed loading and the
effect of shear damage), but these interactions are kept at the level of the damage growth rate
equations. For the higher level of the damage-stiffness relationships, the non-diagonal
elements of the damage matrix are zero and no explicit coupling is done.

The constitutive stress-strain relations and the damage growth rate equations have been
implemented in a commercial finite element code and adaptive time stepping has been applied
to simulate the successive damage states during fatigue loading. Finite element simulations
have proven that reliable simulations can be done and that the evolution of the damage state
variables, inplane stresses and stiffness degradation can be simulated. Although it is not
claimed that the presented model is valid for other fibre architectures and more fibre
dominated fatigue loadings, the authors believe that the general modelling framework can
remain useful and that the damage growth rate equations and its material constants can be
optimized for other composite materials under study.
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	Simulating inplane fatigue damage in woven glass fibre-reinforced composites subject to fully-reversed cyclic loading
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	ABSTRACT The interest for use of fibre-reinforced composites in structural components is increasing. Some of these structural composites, such as wind turbine blades, aircraft components and torsion shafts are subject to fatigue loadings.
	 It is widely accepted that fully-reversed cyclic loading is the most adverse loading for fibre-reinforced composites, but the modelling of the material behaviour under this loading condition is very difficult. In this paper a damage model is presented for woven glass fibre-reinforced composites subject to fully-reversed cyclic loading. First fatigue experiments have been conducted in displacement-controlled fully-reversed bending and the stiffness degradation and damage patterns have been observed. Based on these experimental data, a damage model has been developed which includes the inplane stress components and the degradation of the inplane elastic properties. The model has been implemented in a commercial finite element code and simulation of the successive stages in fatigue life has been performed.
	 The model has been validated for a plain woven glass fabric reinforced composite and simulated stiffness degradation, damage growth and damage distribution have been compared with experimental data.
	 
	Keywords fatigue; composites; residual stiffness; tension-compression.
	NOMENCLATURE
	ci (i = 1,...,9) material constants for glass/epoxy material
	Cij homogenized stiffness tensor of the undamaged material
	Dij (i, j = 1,2) in-plane damage variables
	  tensile damage related with positive stress (11
	  compressive damage related with negative stress (11
	  tensile damage related with positive stress (22
	  compressive damage related with negative stress (22
	  shear damage related with positive stress (12
	  shear damage related with negative stress (12
	E11 stiffness modulus in warp direction of the glass/epoxy lamina
	E22 stiffness modulus in weft direction of the glass/epoxy lamina
	(ij strain tensor
	  (i = 1,2) permanent strain
	h crack closure coefficient
	N number of cycles
	R stress ratio (= (min/(max)
	Rd displacement ratio (= umin/umax)
	S shear strength of glass/epoxy lamina
	(ij stress tensor
	  two-dimensional effective stresses ( )
	(ij (i, j = 1,2) in-plane fatigue failure indices
	umax maximum prescribed displacement in bending fatigue setup
	XT tensile strength in warp direction of glass/epoxy lamina
	XC compression strength in warp direction of glass/epoxy lamina
	YT tensile strength in weft direction of glass/epoxy lamina
	YC compression strength in weft direction of glass/epoxy lamina
	[#0(]8 stacking sequence of eight glass/epoxy laminae, the weft direction being aligned with the loading direction in bending
	[#45(]8 stacking sequence of eight glass/epoxy laminae, the weft (and warp) direction under 45( with the loading direction in bending
	INTRODUCTION
	The use of fibre-reinforced composites in fatigue-critical structural components is growing steadily. Wind turbine blades, helicopter blades, aircraft wings,... are subject to cyclic loadings during service life. The fatigue behaviour of fibre-reinforced composites is quite different from the one exposed by metals. Composites are made of reinforcing fibres embedded in a polymer matrix and are therefore heterogeneous and anisotropic. Fatigue damage can start very early, after only a few or a few hundred loading cycles. This first stage of degradation consists of a multitude of microscopic cracks and other forms of damage, such as debonding and pull-out of fibres from the matrix. The elastic properties of the material, in particular the stiffness, are affected by this fatigue damage and are gradually decreasing. Due to the stiffness degradation, load is transferred from damaged areas to neighbouring undamaged areas and hence stress redistribution occurs. In a latter stage more serious types of damage appear, such as fibre breakage and unstable delamination growth, leading to an accelerated decline and final failure.
	For fully-reversed cyclic loading, the applied stress amplitude changes sign during one fatigue loading cycle. It has been often reported in literature that this sign reversal of the applied stress has a detrimental effect on fatigue life [1-5]. In multi-directional laminates, the plies, with and without fibres in the loading direction, develop intraply damage, and this causes local delamination at relatively short lifetimes. In tensile loading this is less serious, as the plies containing fibres aligned with the loading direction, continue to support the majority of the applied load. In compression, however, tensile-induced damage can lead to local instability and buckling, perhaps before resin and interfacial damage within the plies initiate fibre microbuckling [6].
	Even if no delaminations are present, Gamstedt and Sjögren [5] observed that the total length of transverse cracks grew to be more than twice as large for tension-compression fatigue compared to tension-tension fatigue. They explained that, when a debond is subjected to compressive loading, an opening zone appears at the tips of the interfacial crack. Since debond propagation is more susceptible to mode I loading, the debond growth rate will be larger in compression. Indeed, for global tension, crack propagation would be in pure shear mode because the crack tip is closed.
	Recently, a one-dimensional damage model for fully-reversed cyclic loading was proposed by the authors [7]. The Continuum Damage Mechanics theory [8-14] and the residual stiffness approach [15-17] were the basis for the model. Damage growth, residual stiffness and stress redistribution were predicted by the model. The formulation was applied to fully-reversed cyclic loading of unidirectional laminates which was considered as a one-dimensional loading case.
	The same approach was used to develop a multi-dimensional damage model for non-reversed cyclic loading [7,18]. In that model, all inplane stress components (11, (22 and (12 were considered, but only for non-reversed cyclic loading.
	In this paper, features of both cited damage models will be integrated into a multi-dimensional model for fully-reversed cyclic loading, where the stress state is two-dimensional and both normal stresses and shear stresses are applied to the material. First, the experimental results will be discussed. Next a short review of the one-dimensional damage model for fully-reversed cyclic loading and the multi-dimensional damage model for non-reversed cyclic loading will be presented. These models will then be extended for two-dimensional stress states. Finally the results of the finite element simulations will be shown.
	EXPERIMENTAL SETUP AND MATERIALS
	Experimental setup
	The experimental results were obtained from displacement-controlled cantilever bending fatigue experiments. One side of the specimen was clamped, while a sinusoidal displacement was imposed at the other side of the specimen. Figure 1 shows a schematic drawing.
	 
	Figure 1 Schematic drawing of the bending fatigue setup.
	The displacement amplitude umax can be adjusted by the controlling mechanism. An additional parameter is the displacement ratio   (analogous to the stress ratio R), where umin and umax are evaluated with their algebraic signs. If Rd = 0.0, the fatigue test is performed in single-sided bending, while it is performed in fully-reversed bending if Rd = - 1.0; i.e. the deflection can vary from zero to the maximum deflection in one direction, or in two opposite directions, respectively.
	Uni-axial fatigue experiments in tension/compression are most often used in fatigue research [19-21] and accepted as a standard fatigue test, while bending fatigue experiments are not used so frequently to study the fatigue behaviour of composites [22-24]. Nevertheless bending fatigue experiments were preferred to uni-axial tension/compression fatigue tests because of the following reasons:
	( the bending moment is (piecewise) linear along the length of the specimen (3-point bending, 4-point bending, cantilever beam bending). Hence stresses, strains and damage distribution vary along the gauge length of the specimen. On the contrary, with tension/compression fatigue experiments, the stresses, strains and damage are assumed to be equal in each cross-section of the specimen,
	( in uni-axial tension/compression fatigue tests, buckling poses serious problems while in fully-reversed bending tests this problem is overcome.
	( the finite element implementation gives rise to several complications, because each material point is loaded with a different stress, strain and possibly stress ratio, so that damage growth can be different for each material point. In uni-axial tension/compression fatigue tests, the stress- or strain-amplitude is constant during fatigue life and differential equations describing decrease of stiffness or strength, can often be simply integrated over the considered number of loading cycles. Hence, the fatigue damage model resulting from bending fatigue tests should be more general in use and thus more suited for modelling full-scale structural composite components,
	( smaller forces and larger displacements in bending allow a more slender design of the fatigue testing facility.
	These reasons favoured the decision to use a bending fatigue setup instead of a tensile fatigue setup.
	Material
	The material was an epoxy matrix with a plain woven glass fabric. The warp direction of all eight layers made up an angle of 45( with the bending direction (denoted as [#45º]8, where the hash mark ‘#’ refers to the fabric reinforcement type). The bending of the [#45(]8 stacking sequence results in a combined state of normal stresses in the two fibre directions of the fabric, and shear stresses.
	For the one-dimensional model, the stacking sequence [#0º]8 was used, where the warp direction of all eight layers has been aligned with the bending direction. The bending of the [#0(]8 stacking sequence results in a quasi one-dimensional loading of the laminate, with large stresses along the longitudinal fibre direction.
	Figure 2 shows that both stacking sequences exhibit a quite different behaviour in fully-reversed bending (Rd = -1.0). The force amplitude necessary to bend the specimen into its maximum deformed state, is initially higher for the [#0(]8 specimen, but decreases very fast. The [#45(]8 shows a large initial decline as well, but then the degradation is much more gradual.
	 
	Figure 2 Force-cycle histories for [#0(]8 and [#45(]8 specimens (fully-reversed bending Rd = -1.0, umax = 25.5 mm).
	The one-dimensional model [7] aimed at simulating the fatigue behaviour of the [#0(]8 specimens, while the extended model will predict the fatigue behaviour of the [#45(]8 specimens.
	Next a short review of the one-dimensional damage model for fully-reversed cyclic loading and the multi-dimensional damage model for non-reversed cyclic loading will be presented.
	ONE-DIMENSIONAL MODEL FOR FULLY-REVERSED CYCLIC LOADING
	The complete derivation of the constitutive equations can be found in reference [7]. Here only the outline of the model is recalled.
	During one fatigue loading cycle, the one-dimensional stress ( changes sign. Its maximum value in tension is supposed to contribute to the “tensile” damage  , while its maximum value in compression is causing “compressive” damage  . These damage variables   and   are assumed to represent the effect of the underlying physical damage mechanisms on the macroscopic stiffness property E11, if pure zero-tension or zero-compression loading would be applied in the direction  . As such, the model for fully-reversed cyclic loading can reduce to its equivalent for non-reversed cyclic loading if either zero-tension or zero-compression loading is applied.
	In 1971, Lemaitre [25] introduced the concept of strain equivalence which states that a damaged volume of material under the nominal stress ( shows the same strain response as a comparable undamaged volume under the effective stress  . Following the Continuum Damage Mechanics theory and the work of Lemaitre [10,25], the effective stress   was defined in this work as:
	   (1)
	where h is a crack closure coefficient which characterizes the closure of the micro-cracks and micro-cavaties in compression. This closure coefficient h can be calculated from the measurement on the damaged material of the elasticity modulus in tension Et = E((1-D) and the elasticity modulus in compression Ec = E((1-hD). Its value was set to 0.2 [7,10].
	To introduce the strength properties of the material into the equations, the fatigue failure index ( was defined as the ratio of the effective stress   (which includes the fatigue damage) to the static strength:
	   (2)
	It is important to note that through this definition, the fatigue failure index ( becomes a function of (,   and  .
	The accelerated growth rate in fully-reversed cyclic loading was modelled by coupling the differential equations for d( )/dN and d( )/dN. The final system of damage growth rate equations was written as [7]:
	   (3)
	For the maximum tensile stress (( > 0) in the fatigue loading cycle, the fatigue failure index ( is calculated and the damage growth rate d( )/dN is calculated. Next, the maximum compressive stress (( < 0) in the fatigue loading cycle leads to a damage growth rate d( )/dN. Both differential equations have two terms, the first term accounting for damage initiation and the second term accounting for damage propagation and final failure. The material constants ci (i=1,...,8) each have a clear physical meaning and five of them (c1 through c5) can be calculated from single-sided bending tests [18,26]. Indeed, c1 and c2 account for the damage initiation, while c3, c4 and c5 account for damage propagation in non-reversed cyclic loading The constant c6 expresses the experimental observation that damage initiation in the compressive regime is accelerated by the presence of tensile damage, as reported by Gamstedt and Sjögren [5]. The constants c7 and c8 are introduced in the damage propagation function, which simulates that once the fatigue failure index ( has crossed the threshold c7, the damage propagation is accelerated because of the presence of the other damage type (  or  ).
	Now, as the one-dimensional model for fully-reversed cyclic loading has been reviewed, the multi-dimensional model for non-reversed cyclic loading will be discussed.
	MULTI-DIMENSIONAL MODEL FOR NON-REVERSED CYCLIC LOADING
	For the non-reversed cyclic loading tests, the experimental material was the [#45(]8 glass/epoxy laminate. It was observed that considerable permanent deformation occurred during the bending fatigue tests (setup see Figure 1). So the model should be able to simulate: (i) stiffness degradation (decreasing bending force), (ii) stress redistribution, and (iii) accumulation of permanent strain.
	To that purpose, a residual stiffness model was developed with three damage variables: D11 (damage in the   direction), D22 (damage in the   direction), and D12 (shear damage). These damage variables are directly related with the corresponding stress components (11 (positive/negative), (22 (positive/negative) and (12 in the orthotropic directions of the glass/epoxy composite. For each of the three damage variables, the growth rate per fatigue cycle N is defined by a differential equation d(Dij)/dN. To make a prediction of the moment of failure, the governing stresses (11, (22 and (12 in the corresponding differential equations have been replaced by the defined fatigue failure indices (11, (22 en (12. These failure indices are calculated from the Tsai-Wu static failure criterion, where the nominal stresses (11, (22, and (12 are replaced by the effective stresses  ,   and   (the effective stresses are defined here as  ). As such, there is a correlation with residual strength, and the moment of failure in the displacement-controlled bending fatigue tests can be predicted as well. Finally, the permanent strains   (i=1,2) have been introduced. The growth rate d( )/dN is proportional with the strain (ii and the growth rate d(D12)/dN.
	A detailed derivation of the modelling framework can be found in reference [27] and [28]. Here the relevant equations are summarized.
	Relevant equations
	Three relationships make up the complete modelling framework: (i) the damage-stiffness relationships, (ii) the fatigue damage evolution laws d(Dij)/dN, and (iii) the growth laws for the permanent strains  . These three relationships are discussed in the following paragraphs.
	Damage-stiffness relationships
	It is first postulated that there is a distinct difference between the damage kinetics of intra-layer damage (matrix cracks, fibre/matrix debonding, fibre fracture,…) and inter-layer damage (delaminations). Moreover the responsible stress components are not the same. The inplane stresses ((11, (22 and (12) are affecting the intra-layer damage, while the out-of-plane stresses ((13, (23 and (33) are causing inter-layer damage. It is clear that the one-dimensional fatigue damage model developed so far, is modelling the intra-layer damage types. Delaminations were not taken into account and the stacking sequence was chosen such that delaminations did not develop under the experimental loading conditions.
	If only intra-layer damage is considered, it is postulated that there exist three damage variables D11, D22 and D12, which are defined through the relations:
	  (4)
	where [C] is the initial orthotropic stiffness matrix of the composite material. In other words, the three damage variables represent the macroscopic effect of the underlying intra-layer damage mechanisms (matrix cracks, fibre/matrix interface failure,...) onto the inplane elastic properties. The permanent strains   and   must account for the permanent deformation of the [#45(]8 specimens. Although this Equation represents a simplified approach, it is at least manageable in terms of number of damage variables and finite element implementation, because the symmetry of the stiffness matrix [C] is guaranteed at any time during fatigue life.
	A very important advantage of the formulation in Equation (4) is that the damage variables D11, D22 and D12 are directly related with their respective stress components (11, (22 and (12. As such, the damage growth rates dD11/dN, dD22/dN and dD12/dN are driven by the respective stresses (11, (22 and (12. Further, there is a very clear distinction between positive and negative stresses for each of the damage variables. Indeed, for each damage variable, the sign of the corresponding stress component dictates which damage growth rate equation should be used, the one for tension or the one for compression.
	Equation (4) can be worked out as follows:
	  (5)
	Fatigue damage evolution laws
	The final objective is the development of a set of damage growth rate equations of the form:
	   (6)
	Each damage growth rate equation should depend on the multi-dimensional inplane stress state (ij and the actual value of the damage variables Dij. As the stress components (ij give no indication of reserve to failure, new stress measures have been developed [29]. The fatigue failure indices   for generalized inplane fatigue loading can be calculated from the Tsai-Wu static failure criterion by replacing the nominal stresses (ij with the effective stresses (ij/(1-Dij). The corresponding fatigue failure index   for the stress component (11 is defined as the positive root of the equation [29]:
	   (7)
	The fatigue failure index   for the stress component (22 is defined as the positive root of the equation [29]:
	   (8)
	Finally, the fatigue failure index   for the stress component (12 is defined as the positive root of the equation [29]:
	   (9)
	These fatigue failure indices  ,   and   quantify the directional reserves to failure for inplane loading conditions, taking into account the present damage state (D11, D22, D12).
	To assess the relative importance of the separate stress components (ij in the failure event, it is better to correlate the failure indices   with their one-dimensional equivalent. Also, the failure indices must reduce to their one-dimensional equivalent if the other stress components are zero.
	A definition which satisfies these requirements, is the following:
	   (10)
	The failure indices  ,   and   are calculated from the respective equations (7), (8) and (9), while the one-dimensional failure indices  ,   and   are defined as the ratio of the effective stress   to the respective static strength. So, the two-dimensional failure indices   take into account the adverse effect of multi-dimensional loading, while the correlation with the one-dimensional ratio   to their respective static strengths indicates the relative probability of failure along the considered direction   or  . The newly defined failure indices reduce to their one-dimensional equivalent if a one-dimensional stress is applied, so the relation between one-dimensional and multi-dimensional failure indices remains consistent in use.
	It is important to observe that if the stress state approaches the Tsai-Wu failure surface, not all failure indices (ij (i, j = 1,2) will reach the failure value 1.0, because the failure indices are normalized with respect to their one-dimensional ratio  . To avoid any singularities in the equations (7), (8) and (9) during fatigue life simulation, the calculation strategy is as follows:
	( if one of the failure indices (ij (i, j = 1,2) has a high value, the corresponding damage variable Dij will grow very rapidly,
	( if this failure index (ij approaches its failure value 1.0, the corresponding stress (ij is set to zero,
	( in the next evaluation of the Tsai-Wu failure indices, all terms in the stress component (ij are zero.
	A detailed discussion of the damage-dependent directional failure indices (ij can be found in [29].
	In the end the close feedback between experimental observations and finite element predictions has lead to the final damage growth rate equations for multi-dimensional inplane loading [28], valid for non-reversed cyclic loading:
	  (11)
	Growth laws for permanent strains
	Finally, additional equations for the growth rate of the permanent strains   (i = 1,2) must be established. The corresponding growth laws for the permanent strain have been written as (no summation convention) [28]:
	   (12)
	The factor c6 has been determined such that the predicted out-of-plane displacement profile after unloading matches the experimentally recorded one for one [#45(]8. This was the case for c6 = 0.6. This implies that, if the damage D12 reaches its failure value 1.0, the permanent strain   cannot be larger than 60 % of the total strain amplitude (ii.
	Typical finite element results
	One finite element simulation of the multi-dimensional model for non-reversed cyclic loading will be shown here, because this example will be compared later with the finite element results of the multi-dimensional model for fully-reversed cyclic loading.
	Figure 3 shows the experimental and simulated force-cycle history of the [#45(]8 specimen Pr04_1 for a small prescribed displacement umax = 27.7 mm under single-sided bending (Rd = 0.0, non-reversed cyclic loading). It is observed that the force is barely decreasing after the initiation phase.
	 
	Figure 3 Experimental and simulated force-cycle history for the [#45(]8 specimen Pr04_1 (umax = 27.7 mm).
	This is confirmed by the predicted behaviour of the damage variables and the fatigue failure indices. Figure 4 and Figure 5 show the cycle histories of the damage variables (D11, D22 and D12) and the fatigue failure indices ((11, (22 and (12), respectively, for the Gauss-point 1602 (situated at the tensile surface in the clamped cross-section of the glass/epoxy specimen Pr04_1).
	 
	Figure 4 Cycle history of the damage variables D11, D22 and D12 for the Gauss-point 1602 ([#45(]8 specimen Pr04_1, umax = 27.7 mm).
	 
	Figure 5 Cycle history of the fatigue failure indices (11, (22 and (12 for the Gauss-point 1602 ([#45(]8 specimen Pr04_1, umax = 27.7 mm).
	It can be seen that damage D12 reaches the highest value, compared to the damage values D11 and D22. However, all damage variables are barely increasing after the initiation phase. The fatigue failure indices (11 and (22 even slightly decrease, due to the accumulation of permanent strain.
	EXTENSION TOWARDS A MULTI-DIMENSIONAL MODEL FOR FULLY-REVERSED CYCLIC LOADING
	In the previous sections, the one-dimensional damage model for fully-reversed cyclic loading and the multi-dimensional damage model for non-reversed cyclic loading have been reviewed. Now the extension will be made towards a multi-dimensional model for fully-reversed cyclic loading.
	In the one-dimensional damage model for fully-reversed cyclic loading, there was made a distinction between tensile damage   and compressive damage  . The adverse effect of fully-reversed loading was modelled by coupling the differential equations d( )/dN and d( )/dN.
	In case of the multi-dimensional model for fully-reversed cyclic loading, the inplane stresses (11, (22 and (12 all change sign during one loading cycle. Similar to the one-dimensional approach for fully-reversed cyclic loading, a distinction is made between “tensile” damage   and “compressive” damage   for (11, and between “tensile” damage   and compressive “damage”   for (22. For the shear stress (12, a distinction is made between   and  . The plus-sign and minus-sign are used because the terms “tension” and “compression” are meaningless in this context. Further, at each point of time in the fully-reversed loading cycle, the apparent stiffness of the damaged material in the compressive zone is higher than the stiffness of the damaged material in the tensile zone, due to the crack closure phenomenon (see Equation (1)). As a consequence the damage variables D11, D22 and D12 are defined by the relations (no summation convention):
	   (13)
	If the definitions (13) are respected, the constitutive equations (4) and (12) remain valid. Now, the growth rate equations for the six damage variables  ,  ,  ,  ,   and   under fully-reversed bending fatigue must be established.
	As the shear damage should not depend on the sign of the shear stress, the growth rates d( )/dN and d( )/dN are the same. So far, these equations are identical to the equation dD12/dN which was developed for the multi-dimensional damage model for non-reversed cyclic loading (see Eq. (11)):
	   (14)
	To account for the adverse effect of fully-reversed loading, the differential equations d( )/dN and d( )/dN are coupled, in a similar way as was done for d( )/dN and d( )/dN (see Equation (3)). At each place where the damage   and   appeared as a coupling term in the initiation functions of the one-dimensional model for fully-reversed bending (see Equation (3)), the same function of   or   has been added to Equation (14) to model the damaging effect of shear reversal:
	   (15)
	Regarding the growth rates d( )/dN and d( )/dN (i = 1,2), two sets of equations can be used:
	( Equation (3) of the one-dimensional model provides the expressions for the damage growth rates d( )/dN and d( )/dN (i = 1,2) under fully-reversed cyclic loading, but without any interaction of shear damage,
	( Equation (11) of the multi-axial model provides the expressions for the damage growth rates dD11/dN and dD22/dN under non-reversed cyclic loading, but with interaction of the shear damage D12.
	If equations (3) and (11) are combined, the growth rates d( )/dN and d( )/dN (i = 1,2) can be established. Together with Equation (15), the global system of constitutive equations can be written as (no summation convention):
	  (16)
	As such, the equations of the multi-dimensional model for fully-reversed cyclic loading have been established. It is worthwhile to mention that no additional parameters have been included in the model equations (16), compared to the previous two models. It is also important to observe that the equations (16) for fully-reversed bending reduce to the equations (11) for single-sided bending, if only one damage type is present in each material point.
	In the next section, the model will be applied to the fully-reversed bending fatigue tests of [#45(]8 specimens.
	FINITE ELEMENT SIMULATIONS
	The fatigue model has been applied to the fully-reversed bending test of the [#45(]8 specimen Pr07_4 (umax = 25.5 mm). Figure 6 shows the experimental and simulated results.
	 
	Figure 6 Experimental and simulated force-cycle history for the [#45(]8 specimen Pr07_4 (umax = 25.5 mm, Rd = -1.0).
	As can be observed from this Figure, the initial decrease of the bending force is very large, almost 20 Newton (if compared with the initial force degradation for the [#45(]8 specimen under single-sided bending in Figure 3). One of the primary reasons for the large force degradation in Figure 6 is the strong coupling effect between D12 on the one hand, and D11 and D22 on the other hand.
	To illustrate the importance of the coupling effect, the force-cycle history of the [#45(]8 specimen Pr07_4 has been simulated again, but all coupling terms between D12 on the one hand, and D11 and D22 on the other hand have been removed from Equation (16). As can be seen from Figure 7, the force degradation is seriously underestimated then.
	 
	Figure 7 Experimental and simulated force-cycle history for the [#45(]8 specimen Pr07_4 (umax = 25.5 mm, Rd = -1.0) without any coupling effects between D12 on the one hand, and D11 and D22.
	This means that, through the presence of the shear damage D12, the damage variables D11 and D22 are seriously affected. This can be confirmed by simulating the hypothetic damage state, where the damage D12 would be 1.0 in all Gauss-points, but the damage variables D11 and D22 would be zero, and thus unaffected by the shear damage D12. The corresponding bending force for this hypothetic damage state can be easily calculated through a nonlinear quasi-static analysis with G12 being zero for the whole composite specimen (equivalent with D12 = 1.0 for all Gauss-points), and E11 and E22 being undamaged. The calculated bending force is then 36.2 N. This means that without any coupling effects, the calculated bending force would still be predicted far too large if compared with the experimentally measured force-cycle history, even if D12 would be 1.0 in all Gauss-points. Through the coupling effect between D12 on the one hand, and D11 and D22 on the other hand, the additional decrease of the bending force can be simulated.
	Figure 8 shows the simulated cycle history of the damage variables D11 (= + ), D22 (= + ) and D12 (= + ) for the Gauss-point 1602, situated at the specimen surface in the clamped cross-section.
	 
	Figure 8 Cycle history of the damage variables D11, D22 and D12 for the Gauss-point 1602 ([#45(]8 specimen Pr07_4, umax = 25.5 mm, Rd = -1.0).
	The calculated damage values are much higher than those for the [#45(]8 specimen Pr04_1 (see Figure 4) which was subjected to single-sided bending (umax = 27.7 mm). But this is confirmed by the experimentally observed damage patterns for the [#45(]8 specimens Pr04_1 and Pr07_4, as shown in Figure 9. The light areas in the picture represent the damaged parts. In both specimens, the woven fabric reinforcement under 45( with the loading axis can be clearly distinguished. The upper sides of the specimens have been clamped (maximum bending moment), while the displacement has been imposed at the lower sides. The damage pattern at the tensile surface of the [#45(]8 specimen Pr04_1 (umax = 27.7 mm, Rd = 0.0) is shown at the left. As the [#45(]8 specimen Pr07_4 has been subjected to fully-reversed bending (umax = 25.5 mm, Rd = -1.0), the damage pattern is the same for both surfaces, and one of the surfaces is shown at the right. It is important to emphasize that the comparision is only qualitative, because the damage variables do not directly represent micromechanical damage mechanisms, but only the perceived effect on the macroscopic elastic properties.
	 
	Figure 9 Damage pattern at the tensile surface of the Pr04_1 specimen (left) (umax = 27.7 mm, Rd = 0.0), and damage pattern at the surface of the Pr07_4 specimen (right) (umax = 25.5 mm, Rd = -1.0).
	Finally, Figure 10 shows the experimental and simulated force-cycle history for the [#45(]8 specimen Pr07_1, which has been subjected to fully-reversed bending for umax = 19.5 mm. Of course all material constants ci (i=1,...,9) have retained their same values.
	 
	Figure 10 Experimental and simulated force-cycle history for the [#45(]8 specimen Pr07_1 (umax = 19.5 mm, Rd = -1.0).
	Although the initial force is much smaller (F = 30.8 N) than for the Pr07_4 specimen, the initial decline is simulated very well. It appears however that the damage propagation is somewhat overpredicted by the fatigue damage model. This proves that the value of the threshold for damage propagation is subject to some experimental scatter, but this is an intrinsic property of fatigue experiments.
	CONCLUSIONS
	Previous work of the authors resulted in a one-dimensional damage model for fully-reversed cyclic loading and a multi-dimensional damage model for non-reversed cyclic loading. In this paper, features of both models have been integrated into a multi-dimensional model for fully-reversed cyclic loading.
	For this latter damage model, six damage variables  ,  ,  ,  ,   and   have been introduced that affect the inplane elastic properties of the orthotropic composite material. The damage-stiffness relationships are quite straightforward, because the damage variables are each directly related with their corresponding stress components (11, (22 and (12. If the damage variables would represent the actual fatigue damage mechanisms, the development of the damage-stiffness relationships would be far more complicated, because it would be very difficult to examine experimentally in what manner the individual fatigue damage mechanisms affect the various elastic properties. Moreover, the growth rate equations for certain fatigue damage mechanisms would be driven in particular by the matrix or fibre stress (not to mention the influence of its maximum stress amplitude and stress ratio). For the present fatigue damage model, interaction between different damage modes is still possible by coupling the differential growth rate equations (as was done for fully-reversed loading and the effect of shear damage), but these interactions are kept at the level of the damage growth rate equations. For the higher level of the damage-stiffness relationships, the non-diagonal elements of the damage matrix are zero and no explicit coupling is done.
	The constitutive stress-strain relations and the damage growth rate equations have been implemented in a commercial finite element code and adaptive time stepping has been applied to simulate the successive damage states during fatigue loading. Finite element simulations have proven that reliable simulations can be done and that the evolution of the damage state variables, inplane stresses and stiffness degradation can be simulated. Although it is not claimed that the presented model is valid for other fibre architectures and more fibre dominated fatigue loadings, the authors believe that the general modelling framework can remain useful and that the damage growth rate equations and its material constants can be optimized for other composite materials under study.
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