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A numerical study based on finite element simulations reveals the experimentally indicated fact 关N.
F. Declercq et al., J. Appl. Phys. 96, 5836 共2004兲兴 that leaky Rayleigh waves propagating along the
horizontal surface of a thick fluid-loaded solid plate are transmitted around the corner of the solid
plate. The mentioned experiments are based on the so-called Schoch effect, accompanied by the
presence of a null strip in the reflected part of the beam, and phenomena occurring when the incident
beam, generating the effect, approaches the edge of the solid plate. The referred experiments
indicate that leaky Rayleigh waves are generated around the corner of the plate, but the experimental
evidence is not fully conclusive whether the effect is caused merely by incident Rayleigh waves on
the upper surface or by scattering effects when the incident beam interacts with the corner. The
current study first confirms the reported experiments by means of the finite element method and then
proofs that the assumption made in the referred paper about Rayleigh waves, being primarily
stimulated by the edge of an incident bounded beam rather than the middle, is correct. Ultimately
the model is applied to study leaky Rayleigh waves separately from the incident and reflected
bounded beams. It is shown that the Rayleigh waves themselves are the physical origin of the
transmission of Rayleigh waves rather than scattering effects caused by the incident bounded beam.
© 2007 American Institute of Physics. 关DOI: 10.1063/1.2738407兴
I. INTRODUCTION

Rayleigh waves are well-known elliptically polarized
surface waves on the surface of a solid. They have been a
subject of study in both geology and in ultrasonics. When the
surface is covered by a liquid, such as when a thick solid
plate is immersed in water, Rayleigh waves leak energy into
the liquid and are called leaky Rayleigh waves. Leaky Rayleigh waves are particularly useful for nondestructive purposes because they enable the detection of surface and subsurface defects and they can be generated by means of an
incident ultrasonic bounded beam. The propagation of sound
is governed by continuum mechanics and can be sufficiently
approximated by means of the finite element method 共FEM兲
if the smallest element size is much smaller than the accompanied wavelengths involved. In this paper we aim at understanding the behavior of leaky Rayleigh waves when they
reach the edge of a thick plate. Furthermore we try to reveal
whether Rayleigh waves actually propagate around the corner. Our research is triggered by an earlier paper1 that shows
experimentally how a bounded beam, incident at the Rayleigh angle on a solid plate, interacts with the edge of that
a兲
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plate. The experiments show that leaky Rayleigh waves are
generated along the vertical edge of the plate. Still, even
though assumed and more or less put to evidence, no indisputable and conclusive confirmation is shown as to whether
these vertical leaky Rayleigh waves are really generated by
incident leaky Rayleigh waves or are merely a consequence
of scattering of the incident beam at the corner of the plate.
In Ref. 1 there is also an experimental indication that leaky
Rayleigh waves are primarily stimulated by the edge of the
incident beam rather than the middle. Numerical simulations,
based on FEM, must solve these mysteries.
First, we explain very briefly what a finite element
method is and how it is used to solve the coupled acousticstructural interaction. Next, we show how the Schoch
effect2–9 accompanied by a null strip10 can be simulated at a
fluid-solid interface of infinite extent. Consequently we
move the ultrasound beam to the extremity of the solid plate.
In this way we try to observe how certain edge effects that
occur under the Rayleigh angle also can be obtained by
means of FEM. Next, an additional study reveals which part
of the incident beam is the most effective in stimulating the
generation of Rayleigh waves. Finally, we answer the question whether the Rayleigh waves do actually propagate
around the corner of the solid plate or not.
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Taking the divergence of Eq. 共1兲 and substituting Eq. 共2兲, the
acoustic wave equation is found,
−

F 2 p
+ ⵜ2 p = 0,
BF t2

共3兲

where ⵜ2 = 2 / x21 + 2 / x22 + 2 / x23 is the Laplace operator.
For solving the partial differential Eq. 共3兲, some necessary conditions have to be satisfied on the boundary surface
SF, before a unique solution can be obtained. On a part of
this boundary, SüF, where the acceleration is specified, a special form of Eq. 共1兲 has to be fulfilled,
F
2un,i
p
=
−

F
t2
nFi

FIG. 1. Solid medium Vsolid in contact with a fluid medium Vfluid with
Ssolid-fluid as the interaction surface.

II. FINITE ELEMENT FORMULATION

During the past two decades, finite element methods
have extensively been used in many engineering fields with
great success. These methods represent a general class of
techniques for the approximate solution of partial differential
equations. Apart from mechanical,11–17 thermal,18–22 and
electrical problems,23–26 also acoustic27–32 and even coupled
acoustic-structural problems33–37 can be handled with these
methods. In the finite element formulation of acousticstructural problems, the necessary partial differential equations 共PDE’s兲 to describe the coupled problem can be derived
from the conservation law of linear momentum. In the next
paragraph the necessary equations for solving the acousticstructural problem will be given. Consider Fig. 1 where a
solid volume Vsolid = VS with boundary surface Ssolid = SS is in
contact with a fluid medium Vfluid = VF having a boundary
surface Sfluid = SF. The solid is described by the differential
equation of motion for a continuum volume assuming small
deformations and the fluid by the acoustic wave equation.
Coupling conditions at the boundary surface Ssolid-fluid = SS-F
between the structural and fluid domain ensure the continuity
in displacement and pressure between the two domains.

2uFi  p
=0
− F 2 +
t
xi

F

on V .

共1兲

The constitutive behavior of the fluid which relates the pressure in the fluid to the spatial derivative of the displacement
can be described as

共5兲

on SFp .

p = p̃

In the equations above p = p共x1 , x2 , x3 , t兲 is the scalar pressure
field relative to the hydrostatic pressure, x̄ = 共x1 , x2 , x3 , t兲 the
spatial coordinate vector, t is the time, F is the mass density
of the fluid, ūF = 共uF1 , uF2 , uF3 , t兲 is the fluid particle displacement vector, BF is the bulk modulus of the fluid, n̄F
= 共nF1 , nF2 , nF3 兲 is the unit normal vector on the fluid surface,
F
2un,i
/ t2 is the ith 共i = 1 . . . 3兲 component of the acceleration
vector 2ūFn / t2 on the fluid boundary in the direction of the
normal to that boundary.
To derive the finite element formulation for the acoustic
domain, Eq. 共3兲 is multiplied by a virtual pressure field ␦ p
= ␦ p共x1 , x2 , x3 , t兲 that is defined as a continuous scalar field
on VF and SF. After taking the integration over the specified
domains and the application of the Gauss’ theorem, the weak
formulation of the acoustical problem is achieved as follows:
−

冕冕 冕
冕冕
VF

共␦ p兲

SF

In each of the three orthogonal directions xi 共i
= 1 , . . . , 3兲 共Fig. 1兲 the governing equations for small motions
of the fluid medium VF, which is assumed to be nonviscous,
rotational-free, compressible, and with no velocitydependent momentum loss, can be written as

共4兲

For the part SFp of the boundary surface SF, the pressure field
p has to fulfill the prescribed values that are denoted with a
tilde 共⬃兲,

+

A. Acoustic formulation

on SüF .

F 2 p
dV +
BF t2

共␦ p兲F

冕冕 冕

2ūFn
dS = 0.
t2

VF

ⵜ 共␦ p兲 ⵜ pdV
共6兲

To obtain the discretized form of Eq. 共6兲, the domain VF has
to be divided into m finite elements, where the pressure field
is approximated. After the substitution of these approximations and the elimination of the virtual pressure field in Eq.
共6兲, the acoustic wave equation in its discretized form becomes
M F P̈共t兲 + KF P共t兲 = − RF共t兲,

共7兲

with
m

MF = 兺
1

F
BF

冕冕 冕

VFe

QTQdVe ,

共8兲
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where Q is the row vector of interpolation functions, P共t兲 is
the vector of the pressure in the nodes at time t, F is the
matrix of spatial derivatives of the interpolation functions for
the fluid, M F is referred to as the fluid mass matrix, KF is the
fluid stiffness matrix, and RF is the fluid external force vector.
B. Structural formulation
S

In each point of an arbitrary continuum body V , with
surface SS 共Fig. 1兲, the governing partial differential equation
of motion can be written as

2uSi
ij
− S 2 + f Si = 0
t
x j

on VS .

共11兲

In this equation ij is the Cauchy stress tensor, x j is the jth
component 共j = 1 . . . 3兲 of the spatial vector x̄, S is the density
of the solid medium 共assumed to be constant兲, uSi is the ith
component 共i = 1 . . . 3兲 of the displacement vector ūS, t is the
time, and f Si is the ith component 共i = 1 . . . 3兲 of the body force
f̄ S acting on the solid medium VS.
In the case of small strains and deformations, which is
justified in the case of the incidence of an acoustical wave on
a structural part, the kinematic relationship between the displacements and the strains in that body can be presented as
ij =

冉

冊

1 uSi uSj
+
,
2 x j xi

共12兲

where ij represents the Green-Lagrange strain tensor. The
constitutive model describing the relation between the
stresses and strains for an isotropic material, e.g., aluminum,
can be described as

ij =

冉

冊


E
ij + ␦ij
I1 ,
1 − 2
1+

共13兲

FIG. 2. Schematic visualization of the Schoch effect. Picture taken from
Ref. 1.

¯ S, E is Young’s
is the ith component of the traction vector 
modulus,  Poisson’s ratio, ␦ij is Kronecker’s delta, STS is the
part of the boundary where external traction is specified, and
S
is the part of the boundary where the displacement is
SU
specified.
If we interpret ␦uSi as the ith component 共i = 1 . . . 3兲 of a
virtual displacement vector ␦ūS and ␦Sij as the corresponding
virtual strain and if we assume that no body forces exist, then
the virtual work done by the external loadings and the internal stresses integrated over the entire body VS can be written
in the following way:
−

VS

I1 = 11 + 22 + 33 .

共14兲

The solution of the partial differential equation found by
combining Eqs. 共11兲–共13兲 can only be found if a set of
boundary conditions is specified and fulfilled on the boundary surface SS. Two boundary conditions are taken into account:
uSi = ũSi

共15兲

S
on SU
,

S

2uSi S
␦u dV +
t2 i

−

VS

冕冕

SS

Si ␦uSi dS

ij␦SijdV = 0

共17兲

with

␦Sij =

冉

冊

1 ␦uSi ␦uSj
+
.
2 x j
xi

共18兲

It has to be observed that the virtual displacement vector
satisfies all the boundary conditions defined on the surface
SS. Writing the tensors ij and ij in their respective matrix
forms S and S, Eq. 共17兲 can be transformed in
−

with

冕冕 冕
冕冕 冕

冕冕 冕
冕冕 冕
VS

共␦ūS兲TS

−

VS

2ūS
dV +
t2

冕冕

SS

共␦S兲TSdV = 0.

¯ SdS
共␦ūS兲T
共19兲

Dividing the domain VS into n finite elements, in which for
each of them an approximation is introduced for the displacement vector
ūS共x̄,t兲 = H共x̄兲ūe共t兲

共20兲

3

ijn j = Si
兺
j=1

on STS for

共i = 1 ¯ 3兲.

共16兲

In Eq. 共15兲 the tilde 共⬃兲 means that the displacement
is
S
specified on SU
. In the other equations n j is the jth component 共j = 1 . . . 3兲 of unit normal vector n̄ on the surface SS, Si
ũSi

and for the virtual displacement vector

␦ūS共x̄,t兲 = H共x̄兲␦ūe共t兲,

共21兲

gives the discretized equation of motion after elimination of
the virtual displacement field vector in Eq. 共19兲 as follows:
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FIG. 5. An incident 4 MHz ultrasonic Gaussian beam on an aluminum plate
under an angle of 25°.

FIG. 3. Laboratory experiment 共schlieren picture兲 of a 4 MHz Gaussian
beam with 25° as angle of incidence.

M SÜ共t兲 + Rint共t兲 = Rext共t兲

共22兲

with
n

MS = 兺
1

冕冕 冕

VSe

n

Rint共t兲 = 兺
1

n

Rext共t兲 = 兺
1

SHTHdVe ,

冕冕 冕

VSe

冕冕

SSe

BTSdVe ,

¯ SdSe .
H T

共23兲

共24兲

共25兲

C. The coupled structural-acoustical partial
differential equations

By gathering the necessary Eqs. 共7兲–共10兲 and 共22兲–共25兲
that characterize the coupled model, a system of partial differential equations is formed. The boundary condition that
describes the interaction between the two media enforces the
acceleration of the fluid at the interface to be the same as the
acceleration of the solid at that interface. It gives a proportional relation between a pressure at the interface and the
corresponding structural acceleration. In this way the physical condition expressed by the classical impedance equations
between two media is fulfilled at the interface.
Defining SS-F as the structural-fluid interface 共Fig. 1兲, the
discretized finite element equations for the coupled fluidstructure system are expressed as
M F P̈共t兲 + KF P共t兲 = − RF共t兲 − FITÜ共t兲

共26兲

M SÜ共t兲 + Rint共t兲 = Rext共t兲 + IP共t兲.

共27兲

and

In Eqs. 共22兲–共25兲 M S is the structural mass matrix, Ü共t兲 is the
nodal acceleration vector, Rint共t兲 is the internal force vector,
Rext共t兲 is the external force vector, H共x̄兲 or H is the matrix
containing the interpolation functions for an element, and
B共x̄兲 or B is the matrix containing the spatial derivatives of
the interpolation functions.

Discretizing the interaction surface SS-F into r elements, the
expression for the global interaction matrix I is written as

FIG. 4. Laboratory experiment 共schlieren picture兲 of a 4 MHz Gaussian
beam with 31° as angle of incidence.

FIG. 6. Schoch effect: formation of specular lobes by an incident 4 MHz
ultrasonic Gaussian beam on an aluminum plate under the Rayleigh angle.

r

I=兺
1

冕冕

SSe-Fe

FHTn̄FHdSe .

共28兲

By solving this system of equations in every node and during
a certain time interval, in the case of a direct integration
scheme, a distribution of the acoustic pressure, the displacement, and the accelerations of the nodes at the fluid-solid
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FIG. 7. Definition of the different angles inc, r, s, and t. The angles are
measured from the horizontal axis left from the plate. The positive angles
are anticlockwise, whereas the negative angles are clockwise. Picture taken
from Ref. 1.

interface can be obtained. Because of the increase of computing power, the finite element method has become a very
attractive way to solve these coupled acoustic-structural
problems. In what follows, it is used to obtain a better understanding of the acoustic wave propagation of Rayleigh
waves at the extremity of a fluid-loaded thick solid plate. But
before handling this problem, we will prove that this method
is suitable to describe a well-known basic ultrasonic phenomenon lying behind the extremity problem, i.e., the simulation of the Schoch effect.
III. SCHOCH EFFECT

The Schoch effect arises when an ultrasonic beam is
incident at the Rayleigh angle 共measured from the normal to
the liquid/solid interface兲; then the reflected beam at the interface surface, in most cases, shows up as two lobes 共Fig. 2兲
separated by a zone with no pressure distribution. The first
lobe is generally called the specular lobe, and the second one
is usually referred to as the nonspecular lobe. The existence
of the nonspecular lobe is a consequence of the generation of
leaky Rayleigh waves. Its exact origin is believed to be the
interaction of the leakage field with the specular sound field
resulting in a null strip where the specular lobe is in antiphase with the leakage field. At angles different from the
Rayleigh angle, the reflected beam will not split up. The
presence of a null strip was reported by Neubauer and
Dragonet.10 The specular lobe is also shifted in space. The
shift of position is referred to as the Schoch effect.38,39
In the experiment of Fig. 3, a relatively large aluminum
plate 共large enough to make sure that no edge effects are
involved兲 is used with the following material properties:
Young’s modulus 共E = 7.55⫻ 1010 N / m2兲, Poisson’s ratio 共
= 1 / 3兲, and density 共S = 2700 kg/ m3兲. This plate is immersed in water, which will act as the propagation medium

FIG. 8. Definition of ⌬: the distance between the first beam edge and the
plate edge and W: the horizontal physical width of the beam. Picture taken
from Ref. 1.

FIG. 9. Incidence of a 6 MHz, 6-mm-wide bounded beam on aluminum.
W ⬇ 7 mm and ⌬ ⬇ 0.6W 共schlieren picture兲. The dashed lines show where
the plate is situated in the experiment. The arrows show the sound propagation direction. Picture taken from Ref. 1.

for a 4 MHz ultrasonic beam with a Gaussian width of
15 mm. The angle of the incident beam in Fig. 3 is slightly
different from the critical Rayleigh angle. In this case we can
see that the beam just reflects on the aluminum surface without splitting up. In a second experiment 共Fig. 4兲, where the
beam radiates under an angle of 31°, the Schoch effect, as
explained above, unfolds. Similar effects are not visible at
other angles, in correspondence with experiments as in Fig.
2. Before trying to simulate more complex ultrasonic phenomena, a reproduction of this split phenomenon of the ultrasonic beam is desirable using the finite element method.
To do this, the commercial finite element package ABAQUS™
6.5-1 is used to implement a model for the laboratory experiments. For the water medium two dimensional four-node linear, quadrilateral acoustic elements, with the acoustic pressure p as the only degree of freedom, have been used and for
the solid medium four-node continuum bilinear plane strain
quadrilateral elements have been chosen. The interaction between these two media is modeled using a tie constraint
which enforces the coupled calculations. All other boundaries of the fluid medium as well as those of the solid medium are considered as purely reflective boundaries. In this
way a numerical model is constructed to simulate the experi-

FIG. 10. Simulation of an incident 6 MHz, 6-mm-wide Gaussian beam at
the extremity of an aluminum plate.
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FIG. 11. 共Color online兲 The mean square of the acoustic pressure in function of the distance along the vertical
edge: 0.006m ⬍ y ⬍ 0.0131m.

ments shown in Figs. 3 and 4. The outcome of the calculations can be found in Figs. 5 and 6, where, respectively, a
25° and a 31° incident beam is used. In these figures the
square of the pressure amplitude, which is proportional to the
sound intensity, is shown which makes a comparison with
the schlieren pictures of Figs. 3 and 4 possible. In Fig. 5, the
beam reflects on the aluminum surface in correspondence
with the experiment shown in Fig. 3. In Fig. 6 it is clear that
the beam splits into two lobes under the Rayleigh angle as
expected.
IV. EXTREMITY OF A SOLID PLATE

In this paragraph we will take a closer look at the edge
effects that occur when the Gaussian ultrasonic beam is
moved to the extremity of the aluminum plate. A schematic
representation of this experiment is shown in Fig. 7 where
the angles represent the wave propagation direction of the
different beams observed during the experiment: inc is the
incident angle of the Gaussian ultrasonic beam measured
from the vertical on the solid-fluid interface, the reflected
beam makes an angle r with the horizontal on the right-hand
side of the plate, s is the angle between the same horizontal
and the incident beam that propagates through the fluid medium without being disturbed by the solid surface, and t is
the angle of an additional observed beam with the horizontal

of which the existence will be explained in the succeeding
paragraph. As one can see in Fig. 8 the symbol W represents
the horizontal physical width of the Gaussian beam and ⌬ is
the distance between the first beam edge and the edge of the
plate. It is known that when a beam is incident on the edge of
a plate under the Rayleigh angle, a part of the beam will be
reflected, the other part will propagate in an undisturbed
manner, and a third beam will make the Rayleigh angle with
the horizontal 共Fig. 7兲. Declercq et al.1 have extensively described this wave generation along the vertical edge of the
solid plate. However, two assumptions were made concerning the generation of Rayleigh waves. In a first one it was
stated that the observed beam generation on the vertical edge
was due to the propagation of the leaky Rayleigh waves
around the corner 共Fig. 9兲 and in a second one it was said
that the outer parts of the Gaussian beam were mainly responsible for the generation of the Rayleigh waves. The explanation given for this last assumption was that the edge of
the Gaussian beam has a profile that is quite similar to that of
an inhomogeneous wave, such as a bounded beam with an
exponentially varying amplitude profile 共Fig. 7 of Ref. 1兲,
which should be more suitable to stimulate the generation of
the Rayleigh waves. Because it is difficult to prove both
assumptions analytically by using an extension of the radia-

FIG. 12. 共Color online兲 The mean square of the acoustic pressure in function of the distance along the lower
part of the vertical edge: 0.012m ⬍ y ⬍ 0.0131m.
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TABLE I. Values for the constants in the equations of motion of a Rayleigh
wave in an aluminum plate immersed in water.
Variable

Real part 关-兴

Imaginary part 关-兴

␣
␤






1.325 14⫻ 104
2.175 40⫻ 104
¯
¯
−9.999 99⫻ 10−1
1.328 65⫻ 10−7
−7.498 08

¯
¯
−1.187 93⫻ 104
−4.670 80⫻ 103
5.651 90⫻ 10−8
4.701 63
2.118 92⫻ 10−7

tion mode theory,40,41 an attempt will be made in the following to formulate a conclusive answer using the finite element
method.

A. Verification of validity of our model

For the first assumption, we will consider in the further
paragraphs a combined analytical/numerical approach to
confirm the transmission of the Rayleigh waves at the extremity of the solid plate. In the current paragraph, however,
we try to obtain, in a first stage, the same result as shown in
Fig. 9. To do this, we use a finite model in which the parameters are equal to the previously described one, except for the
sonic frequency, the beam width, and the beam position.
Here a 6 MHz Gaussian beam, moved towards the edge of
the aluminum plate, having a physical width of W ⬇ 7 mm is
used. The results obtained with the FEM are shown in Fig.
10. It is clear that the produced wave along the vertical edge,
as seen in the real experiment 共Fig. 9兲, is also found in the
simulation. The additional null stripes along the vertical edge
are made visible because of the use of a bilinear patterning
curve to highlight the different waves in the finite element
analysis: all the nodes of the fluid domain that have an intensity that is larger than a certain value are given the same
intensity value. When this threshold value is taken rather low
共as is the case here兲, these secondary null stripes become
visible. The reason why they are not visible in the real experiment in Fig. 9 is that the schlieren technique cannot visualize such low pressure regions because of limited contrast.

B. Verification of assumption that leaky Rayleigh
waves are stimulated by edge of the incident beam

For the second assumption, the question whether the
outer parts of the bounded beam are responsible for the generation of the Rayleigh waves can be reformulated in the
study of the influence of the ⌬ value on the generation of
Rayleigh waves as in Ref. 1. The ability of different parts of
a bounded beam to stimulate leaky Rayleigh waves can be
expressed in terms of relative efficiency and must take into
account the propagation distance between the spot of generation and the spot of detection. If, however, for smaller values
of ⌬, the intensity or a measure for the intensity of the generated Rayleigh waves turns out to be higher, one can conclude right away that the outer parts of the Gaussian beam
are more efficient in generating Rayleigh waves and further
investigations in terms of efficiency and distance become
redundant. For this study, four finite element models, similar
as the one used above, have been constructed, with the only
mutual difference that they differ in the values of ⌬, i.e.,
0.2W, 0.4W, 0.8W, and 1.2W 共complete incidence of the
Gaussian beam on the solid plate兲, with W ⬇ 7 mm. For each
of these configurations the directly incident power on the
horizontal surface, i.e., the integration of 共a measure of兲 the
intensity along the fraction of the horizontal width W of the
Gaussian beam on the horizontal surface of the solid plate, is
measured. In the finite element simulations the square of the
pressure in the fluid medium is taken as a measure of the
intensity. The obvious result is found that more power is
transferred directly to the solid plate in the 1.2W model than
in the 0.8W model. This trend was also found for the 0.8W
model compared with the 0.4W model and for the 0.4W
model compared with the 0.2W model. To have an idea of
the influence of the ⌬ on the generation of Rayleigh waves,
the mean square of the acoustic pressure is measured along
the lower part of the vertical edge of the solid plate. In Fig.
11, this measurement is plotted in function of the distance
along the vertical edge. These graphs are very interesting
though difficult to interpret because they represent a superposition of the different propagating waves in the solid and
in the fluid medium. To make a comparison with the generation of Rayleigh waves possible, the lower part of the vertical edge of the solid plate has to be chosen in a way that the
bulk waves propagating through the solid and the undis-

FIG. 13. 共Color online兲 The transversal component of
the Rayleigh wave in the x-y field.
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FIG. 14. 共Color online兲 The longitudinal component of
the Rayleigh wave in the x-y field.

FIG. 15. 共Color online兲 Top view of the transversal
component of the Rayleigh wave.

FIG. 16. 共Color online兲 Top view of the longitudinal
component of the Rayleigh wave.
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FIG. 17. 共Color online兲 Simulation of the transversal displacement field in
an aluminum plate caused by a 6 MHz incident Gaussian beam under the
Rayleigh angle.

turbed incident waves may not influence the intensity in that
specific region. This is shown in Fig. 12, where the mean
square of the pressure is plotted along the interval
关0.012m-0.0131m兴 on the vertical edge 共far away from the
zone where scattered waves are present兲. One can clearly see
that the smaller the value for ⌬ becomes, the larger the intensity is. This confirms the indication given in Ref. 1 that
the outer parts of the incident Gaussian beam are mainly
responsible for the generation of the Rayleigh waves.
V. INTERNAL GENERATION OF RAYLEIGH WAVES
A. Combined analytical and numerical input

A firm proof that the Rayleigh waves travel around the
corner must exclude all other phenomena as origins of the
observed effects. A study of incident Rayleigh waves is
therefore mandatory as it would exclude any influence of the
incident bounded beam. Consideration of Rayleigh waves
generated directly inside the solid material must investigate
whether the Rayleigh waves themselves are responsible for
the leakage of energy on the vertical side of the plate or not.
Implementation of this problem in ABAQUS requires exact
knowledge of the acoustic displacement fields inside the
solid. The displacement fields are calculated by considering
an ultrasonic plane wave, having the frequency we are interested in, incident from the liquid half space onto the interface
between the liquid and the solid. Analytically 共i.e., without
any application of FEM兲 it is then possible to study the reflection coefficient for harmonic plane waves as well as the
two transmission coefficients. The precise Rayleigh angle is
found as the angle where the reflection coefficient shows a
well-known phase shift40 equals to . The corresponding
sound fields are then equally normalized and the ones inside
the solid are used as boundary conditions in our FEM procedure. As a result we mathematically generate Rayleigh
waves on the solid in our FEM program and we are able to
study how these Rayleigh waves propagate along the inter-

FIG. 18. 共Color online兲 Simulation of the longitudinal displacement field in
an aluminum plate caused by a 6 MHz incident Gaussian beam under the
Rayleigh angle.

FIG. 19. Internal generation of the Rayleigh waves in an aluminum plate.

face and ultimately how they interact with the corner. The
equations of motion of the induced Rayleigh waves in the
solid material along the x and the y axes, according to the
convention in Fig. 2, can be found in Eqs. 共29兲 and 共30兲,
respectively. Their counterparts in the liquid are Eqs. 共31兲
and 共32兲.
For y 艋 0,
xsolid = 共i␣兲e共i␣兲x+共i兲y − 共i兲e共i␣兲x+共i兲y ,

共29兲

y solid = 共i兲e共i␣兲x+共i兲y + 共i␣兲e共i␣兲x+共i兲y .

共30兲

For y ⬎ 0,
xliquid = 共i␣兲e共i␣兲x+共i␤兲y ,

共31兲

y liquid = 共i␤兲e共i␣兲x+共i␤兲y .

共32兲

The constants ␣, ␤, , , , , and  that occur in the equations are bounded to the performed ultrasonic experiment
and depend on the frequency of the beam, the fluid medium,
the solid material, and the angle of incidence. The equation
constants for this problem are given in their complex form in
Table I.
If these constants are substituted into Eqs. 共29兲 and 共30兲,
the longitudinal and the transversal motion equations of the
Rayleigh waves in the solid material are obtained. The x-y
field plot of these mathematical expressions can be found in
Figs. 13 and 14. The top views of these plots are given in
Figs. 15 and 16. The numerical longitudinal and transversal

FIG. 20. 共Color online兲 The spatial transversal acceleration in the nodes of
an aluminum plate by an internal generated Rayleigh wave.
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In addition evidence was found for the assumption that
leaky Rayleigh waves are primarily generated by the edge of
an incident bounded beam, rather than by the middle.
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1

FIG. 21. 共Color online兲 The spatial longitudinal acceleration in the nodes of
an aluminum plate by an internal generated Rayleigh wave.

displacements field in ABAQUS for a 6 MHz ultrasonic incident Gaussian beam on a water-aluminum interface are
shown in Figs. 17 and 18. One sees clearly the resemblance
between the mathematically obtained plots 共Figs. 15 and 16兲
and the finite element plots 共Figs. 17 and 18兲. This means
that the FEM enables fairly good simulation of the propagation of Rayleigh waves along the interface.
B. Numerical output

The internally generated Rayleigh waves in the aluminum plate are responsible for the ultrasonic waves at the
solid-liquid interface. These waves, with a propagation direction that makes an angle of 31° with the vertical on the
horizontal surface of the aluminum plate, can be observed in
Fig. 19. In Figs. 20 and 21 we can see clearly that the elliptical Rayleigh acceleration of the surface nodes on the horizontal edge of the solid plate is passed on to the nodes of the
vertical edge of the plate. This gives a decisive answer to the
question whether Rayleigh waves travel around a corner of a
solid plate. Further, it is also obvious that this elliptical Rayleigh movement on the vertical edge will leak energy in the
fluid medium under the Rayleigh angle. Figure 19 shows that
the produced waves in the fluid medium make a again an
angle of 31° with the horizontal.
VI. CONCLUSION

We investigated ultrasonic phenomena by application of
the FEM. In order to prove the validity of the applied
method, we simulated in ABAQUS the Schoch effect, which is
a well-known ultrasonic phenomenon. After this, a next step
has been set towards the simulation of an incident ultrasonic
beam at the extremity of a solid plate. Agreement was found
between numerical and experimental results. By combining a
mathematical expression for the motion of the Rayleigh
waves in the solid material and the FEM it was possible to
show that leaky Rayleigh waves on the horizontal surface of
the plate travel around the corner. These waves leak energy
along the vertical part of the solid plate, which can be observed by the emission of waves in the liquid making the
Rayleigh angle with the horizontal.
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